THE SET OF DISTANCES IN SEMINORMAL WEAKLY KRULL MONOIDS

ALFRED GEROLDINGER AND QINGHAI ZHONG

ABSTRACT. The set of distances of a monoid or of a domain is the set of all d € N with the following
property: there are irreducible elements w1,...,ug,v1,...,V54q such that uy - ... -up = v1 ... Vpyq,
but up -...-ug cannot be written as a product of [ irreducible elements for any [ with £ <1 < k +d. We
show that the set of distances is an interval for certain seminormal weakly Krull monoids which include
seminormal orders in holomorphy rings of global fields.

1. INTRODUCTION AND MAIN RESULT

Let H be a v-noetherian monoid (for example, a noetherian domain). Then every non-unit of H has
a factorization as a finite product of atoms (irreducible elements), and all these factorizations are unique
(i.e., H is factorial) if and only if H is a Krull monoid with trivial v-class group. Otherwise, there are
elements having factorizations which differ not only up to associates and up to the order of the factors. The
occurring phenomena of non-uniqueness are described by arithmetical invariants such as sets of lengths
and sets of distances. We recall some arithmetical concepts and then we formulate the main result of the
present paper.

For a finite non-empty set L = {mq,...,my} of positive integers with m; < ... < my, we denote by
A(L) = {m; —m;—1 | ¢ € [2,k]} the set of distances of L. Thus A(L) = @ if and only if |L| < 1. If a
non-unit ¢ € H has a factorization @ = u; - ... - u into atoms wq, ..., ux, then k is called the length of

the factorization, and the set L(a) of all possible factorization lengths k is called the set of lengths of a.
In v-noetherian monoids all sets of lengths are finite. If there is an element a € H with |L(a)| > 1, then
the n-fold sumset L(a) + ...+ L(a) is contained in L(a™) whence |L(a™)| > n for every n € N. The set of
distances A(H) (also called the delta set of H) is the union of all sets A(L(a)) over all non-units a € H.
Thus, by definition, A(H) = 0 if and only if |L(a)| = 1 for all non-units a € H, and A(H) = {d} if and
only if L(a) is an arithmetical progression with difference d for all non-units a € H.

The set of distances (together with associated invariants, such as the catenary degree) has found wide
interest in the literature in settings ranging from numerical monoids to Mori domains (for a sample out of
many see [11], @, 4] 15, [T6], 10, 8, 2] 2], B0]). In the present paper we focus on seminormal weakly Krull
monoids and show — under mild natural assumptions — that their sets of distances are intervals.

Theorem 1.1. Let H be a seminormal v-noetherian weakly Krull monoid, H its complete integral closure,
and O # f= (H: ﬁ) its conductor. Suppose that the localization Hy is finitely primary for each minimal
prime ideal p € X(H), and that every class of the v-class group G = C,(H) contains a minimal prime ideal
p € X(H) withp 5 §. Then A(H) =0 or min A(H) = 1. Moreover, we have
1. If |G| =1, then A(H) C {1} and if G is infinite, then A(H) = N.
2. Suppose that G is finite. If there is at most one p € X(H) such that |{B € X(H) | PN H =p}| > 1
or if G is an elementary 2-group, then A(H) is a finite interval.
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Seminormal orders in algebraic number fields satisfy all assumptions of Theorem[I.1] and more examples
will be given in Section 2| Seminormal orders have been studied by Dobbs and Fontana in [I4], where they
provide, among others, a full characterization of seminormal orders in quadratic number fields. Note that
for a non-principal order R, which is not seminormal and whose Picard group has at most two elements,
it is open whether or not we have 1 € A(R), let alone whether or not A(R) is an interval (e.g., [29]).

Every Krull monoid is seminormal v-noetherian weakly Krull and all localizations are discrete valuation
monoids and hence finitely primary. For Krull monoids having a minimal prime ideal in each class (whence
in particular for principal orders in algebraic number fields) it is well-known that the set of distances is
an interval ([20]), and it is the goal of the present paper to generalize this result from the Krull to the
weakly Krull case. Note, that even in the case of Krull monoids, the assumption that every class contains
a minimal prime ideal is essential to obtain that the set of distances is an interval (see Examples ).

Suppose that H is seminormal v-noetherian weakly Krull monoid with finite v-class group, nontrivial
conductor, and with all localizations being finitely primary. It is well-known that the set of distances is
finite, and this result holds without the seminormality assumption. However, seminormality is crucial for
the set of distances being an interval (even in the local case, sets of distances may fail to be intervals
without assuming seminormality, see Examples . There is an ideal-theoretic characterization when the
set of distances is empty ([I8, Theorem 6.2]; a necessary condition is that the v-class group has at most
two elements). However, we did not want to include this characterization into the formulation of Theorem
L1

Suppose that the v-class group of H is finite but not trivial and consider the assumption in Statement
2 of Theorem For k € N, let Uy (H) denote the set of all £ € N for which there is an equation of the
form wy -...-up =wvy-... vy where uy, ..., ug,v1,...,vp are atoms (equivalently, Uy (H) is the union of all
sets of lengths containing k). The map 7: X(H) — X(H), defined by 7() = B N H for all P € X(H), is
surjective, and it is well-known that the unions Uy, (H) are finite for all £ € N if and only if 7 is bijective.
If the unions are finite and H is seminormal, then the unions are finite intervals ([I8, Theorem 5.8]).
This shows that the first assumption in Statement 2 of Theorem is a natural one (our machinery is
strong enough so that we can handle the slightly more general situation where there is at most one prime
p € X(H) which is not inert in H).

Suppose that this assumption on the map 7w does not hold. We settle the case where G is an elementary
2-group, and this allows us to show that A(H) = () or min A(H) = 1 without any additional assumptions.
The proof for elementary 2-groups uses the fact that we know the maximum of the set of distances for Krull
monoids whose class groups are elementary 2-groups (this maximum is known only in very special cases;
see Proposition . We provide a detailed analysis of the case |G| = 2 and determine the maximum of
the set of distances (Theorem [3.3). In case of Krull monoids it is straightforward that the set of distances
is empty if and only if |G| < 2, and Theorem reveals the complexity of the situation in the weakly
Krull case.

The present paper is based on ideal-theoretic results for v-noetherian weakly Krull monoids, recently
established in [I8]. They allow to study sets of distances in a special class of weakly Krull monoids which
are easier to handle. Furthermore, we use that sets of distances in Krull monoids are intervals ([20]). Our
machinery will be put together in Section 2} The proof of Theorems and [3:3] will be given in Section
Bl and we end with examples demonstrating the necessity of the various assumptions of Theorem [T.1]

2. BACKGROUND IN (WEAKLY) KRULL MONOIDS

We denote by N the set of positive integers, and for real numbers a,b € R we denote by [a,b] = {z € Z |
a < x < b} the discrete interval between a and b. For subsets A, B C Z,let A+ B={a+b|a€ A,bec B}
be their sumset, and let A(A) = {d € N|d =1— k for some k,l € L with [k,I]] N A = {k,l}} be the set of
distances of L.
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By a monoid, we mean a commutative cancellative semigroup with unit element. Let H be a monoid.
We denote by A(H) the set of atoms of H, by H* the group of invertible elements of H, by q(H) the
quotient group of H, and by H,.q = H/H* the associated reduced monoid of H. For a set P, we denote
by F(P) the free abelian monoid with basis P. Then every a € F(P) has a unique representation of the
form

a= H p» @ with v,(a) € Ng and vp(a) =0 for almost all p € P,
pEP
and we call |a|zp) = |a| = X, cpVvp(a) the length of a. The monoid Z(H) = F(A(Hyea)) is called the
factorization monoid of H, and the unique homomorphism

w: Z(H) — Hyeq satisfying w(u) =u for each u € A(Hyeq)
is the factorization homomorphism of H. For a € H,
Zy(a) =Z(a) = 7 Y(aH*) C Z(H) is the set of factorizations of a, and
Li(a) =L(a)={|z| | z€ Z(a)} C Ny isthe set of lengths of a.

Thus L(a) = {0} if and only if a € H*, and L(a) = {1} if and only if a« € A(H). The monoid H is said
to be atomic if Z(a) # 0 for every a € H (equivalently, every non-unit can be written as a finite product
of atoms). If H is v-noetherian (i.e., the ascending chain condition on divisorial ideals holds), then H is
atomic and all sets of lengths are finite and non-empty. Next, let

A = | A(La)
acH
denote the set of distances of H. Clearly, A(H) = 0 if and only if |L(a)| = 1 for each a € H, and in this
case H is said to be half-factorial (for recent work on half-factorial domains see [13| 31} B2] 28]). If H is
not half-factorial, then min A(H) = ged A(H) ([I7, Proposition 1.4.4]). Thus, if there is an m € N such
that m,m +1 € A(H), then min A(H) = 1.
Let z,2" € Z(H), say

Z=UL e WV eV and 2 =g cwwy . We,

where I,m,n € Ng and %1, ..., U, U1, -+, Uy W1, « - - s Wy € A(Hreq) wWith {v1,..., v} N {wy, ..., w,} = 0.
We call d(z, z') = max{m, n} € Ny the distance between z and z’. For every N € NgU{oc}, an N-chain of
factorizations of a from z to 2 is a finite sequence (2;);c(o,x) of factorizations z; € Z(a) such that z = z,
2" =z, and d(z;—1, %) < N for every i € [1,k]. For an element a € H, its catenary degree c(a) is defined
as the smallest N € Ng U {oo} such that for any two factorizations z, 2’ € Z(a) there is an N-chain of
factorizations of a from z to z’. Then

c(H) =sup{c(a) |a € H} € Ng U {o0}

denotes the catenary degree of H. If a € H has at least two distinct factorizations, then 2+ sup A(L(a)) <
c(a). The monoid H is factorial if and only if it is atomic and c¢(H) = 0. If H is atomic but not factorial,
then 2 4+ sup A(H) < ¢(H) ([I7, Theorem 1.6.3]).

Let D be a monoid such that H C D is a submonoid. We say that H C D is

o saturated if H=q(H)ND,
e divisor-closed if a € H, « € D, and «|a imply that a € H,
e cofinal if for every a € D there is an a € H such that a|a, and

the factor group q(D)/q(H) is called the class group of H C D.

Let X(H) denote the set of all minimal non-empty prime s-ideals of H, and for subsets A, B C q(H),
we set (A:B) = {z € q(H) | B C A}. We denote by Z}(H) the monoid of v-invertible v-ideals (with
v-multiplication) and by F,(H)* = q(I;‘(H )) its quotient group of fractional v-invertible v-ideals. The
monoid of principal ideals H = {aH | a € H} is a cofinal saturated submonoid of Z}(H), and the class
group of H C Z}(H) is the v-class group C,(H) = F,(H)* /q(H) of H. We denote by
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o H' = {x € q(H) | there exists some N € N such that 2™ € H for all n > N} the seminormal
closure (also called the seminormalization) of H, and by
o H={zcq(H)| there exists some ¢ € H such that cz" € H for all n € N} the complete integral
closure of H .
We say that H is seminormal (completely integrally closed resp.) if H = H' (H = H resp.), and (Hf[) is
called the conductor of H. The localization D, of any monoid D is a primary monoid for each p € X(D).
We will mainly be concerned with a special class of primary monoids. A monoid D is called finitely

primary if there exist s, « € N such that D is a submonoid of a factorial monoid F' = F* x[q1, ..., ¢s] with
s pairwise non-associated prime elements ¢y, ..., qs satisfying
(2.1) D\D*Cq-...-qsF and (q1-...-¢5)*F CD.

If this holds, then D is primary, F' = ﬁ, |%(ﬁ)| = s is called the rank of D, and D is seminormal if and
only if

D=gq -...-qFUD*.
Lemma 2.1. Let D C F = F*X|[q,...,qs] be a seminormal finitely primary monoid of rank s. Then
1. AD)={eqt" -...-¢" | e € F* and min{ky,..., k} =1}.

2. If s =1, then ¢(D) < 2 and D is half-factorial.
3. If s > 2, then minL(a) =2 for alla € D\ (D* UA(D)). In particular, c(D) = 3.

Proof. See [18, Lemma 3.6]. O
A monoid H is called a weakly Krull monoid ([25, Corollary 22.5]) if

H= ﬂ H, and {peX(H)|ae€p} isfiniteforallaec H.
peEX(H)

A domain R is weakly Krull if and only if its multiplicative monoid R®* = R\ {0} of nonzero elements is
weakly Krull. Weakly Krull domains were introduced by Anderson, Anderson, Mott, and Zafrullah [T] 2],
and a divisor theoretic characterization was first given by Halter-Koch [24]. For seminormal v-noetherian
domains (i.e., seminormal Mori domains) we refer to the survey by Barucci [5]. The ideal theory of
(general) weakly Krull monoids is presented in [25, Chapters 21 — 24|, and for seminormal v-noetherian
weakly Krull monoids we refer to [I8, Section 5]. A monoid H is said to be Krull if it is weakly Krull
and H, is a discrete valuation monoid for all p € X(H) (equivalently, H is v-noetherian and completely
integrally closed).

Let H be a weakly Krull monoid. Then H is v-noetherian (seminormal resp.) if and only if all
localizations H, are v-noetherian (seminormal resp.) for each p € X(H). Let H be a seminormal v-
noetherian weakly Krull monoid with () # f = (H:H) C H. Then H is Krull and for each p € X(H), H, is
seminormal v-noetherian primary, and if H is the multiplicative monoid of nonzero elements of a domain,
then H, is even finitely primary.

Noetherian domains are weakly Krull if and only if every prime ideal of depth one has height one, which
holds in particular for all one-dimensional noetherian domains. Let R be a one-dimensional noetherian
domain such that its integral closure R is a finitely generated R-module. Then the integral closure coincides
with the complete integral closure, the conductor f = (R:R) is nonzero, and the v-class group is the usual
Picard group. If R is an order in an algebraic number field or an order in a holomorphy ring of an algebraic
function field, then the v-class group is finite and every class contains infinitely many prime ideals. We
refer to [26, B] [7, 27] for more on weakly Krull domains and to the extended list of further examples in
[18, Examples 5.7].

We continue with weakly Krull monoids of a combinatorial flavor which are used to model general
weakly Krull monoids. Let G be an additive abelian group, Gy C G a subset, T" a reduced monoid and
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t: T — G a homomorphism. Let o: F(Gg) — G be the unique homomorphism satisfying o(g) = g for all
g € Ggy. Then

B =B(Gy,T,t) ={St € F(Go)xT | o(S)+t(t) =0} C F(Go)xT = F
is called the T-block monoid over Gy defined by ¢ .

Proposition 2.2. Let D = F(P)XT be a reduced atomic monoid, where P C D a set of primes and T C D
is a submonoid, and let H C D be an atomic saturated submonoid with class group G = q(D)/q(H), and
Gp = {[p] | p € P} C G the set of classes containing primes. Let v: T — G be defined by o(t) = [¢],

F = F(Gp)xT, B = B(Gp,T,1) C F, and let ,B: D — F be the unique homomorphism satisfying
B(p) =[p] for allp € P and B|T = idr.
1. The restriction 3 = ,£~5'|H H — B s a transfer homomorphism satisfying c(H,3) < 2. In
particular, we have A(H) = A(B) and c(H) = c(B) (provided that H is not factorial).
2. If H C D is cofinal, then B C F is cofinal, and there is an isomorphism v: q(F)/q(B) — G, by
which we will identify these groups.

3. IfT=Dy x...xD,, Dy,...,D, are seminormal finitely primary, and G is a torsion group, then
H and B are seminormal v-noetherian weakly Krull monoids with nontrivial conductors.

Proof. See [17), Proposition 3.4.8] and [I8, Lemma 5.2]. O

Next we consider monoids of zero-sum sequences which are well-studied submonoids of T-block monoids.
As before, let G be an additively written abelian group and Gy C G a subset. In combinatorial number
theory the elements of F(Gp) are called sequences over Gy and

B(Go) = {5 € F(Go) | o(5) = 0} € F(Go)
is the monoid of zero-sum sequences over Go ([19, 23]). If T and B are as above, then B(Gy) C B is

a divisor-closed submonoid whence Zp(A) = Zp(g,)(A) and Lp(A) = Lga,)(A) for all A € B(Go). If
T = {1}, then B(Gy) = B. As usual, we set

A(Gp) == A(B(Gy)), A(Go) := A(B(Gy)), and c(Gy) := c(B(Go)) -
The atoms of B(Gy) are also called minimal zero-sum sequences over Go. If Gy is finite, then the set A(Gy)
is finite, and
D(Gp) = max{|U| | U € A(Gy)}

is the Davenport constant of Gy. Suppose that G = Cp, & ... ® Cy,,, where 7,n1,...,n, € N with
1<ni|...|n,, and set D*(G) =1+ >.._,(n; —1). Then D*(G) < D(G), and equality holds for p-groups,
groups of rank at most two, and others ([I7, Chapter 5]). It can be easily verified that A(G) = § if and
only if |G| < 2.

Proposition 2.3. Let G be a finite abelian group with |G| > 3. Then A(G) is a finite interval with
min A(G) = 1.

Proof. See [20, Theorem 1.1]. O
Since B(G) € B = B(G,T,.) is divisor-closed, A(B) contains the interval A(G) = [1,max A(G)].
We will provide examples showing that in general (under the assumptions of Theorem [1.1)) we have

max A(G) < max A(B) (see Theorem and Examples [3.4]4). The groups occurring in Statements 2
and 3 of Proposition are the only groups at all for which the precise value of max A(G) is known.

Proposition 2.4. Let G = C,, & ... ® C,,,., where r,ny,...,n, € N with 1 < ny|...|n., be a finite
abelian group with |G| > 3.
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2. The following statements are equivalent:
(a) c(G) =D(G).
(b) max A(G) = D(G) — 2.
(¢c) G is either cyclic or an elementary 2-group.

3. The following statements are equivalent:
(a) ¢(G)=D(G) — 1.
(b) max A(G) = D(G) — 3.
(¢) G is isomorphic to Cg_l @ Cy for somer > 1 or to Cy @ Cyy, for some n > 2.

Proof. 1. See [I7, Theorem 6.7.1].

2. The equivalence of (a) and (c) follows from [I7, Theorem 6.4.7] (and this is easy to prove). Statement
1. shows that (b) is equivalent to (a) and (c).

3. The equivalence of (a) and (c) follows from [22] Theorem 1.1] (and this requires some effort). Again
Statement 1. shows that (b) is equivalent to (a) and (c). O

3. ARITHMETIC OF WEAKLY KRULL MONOIDS

We fix our notation for the present section. Let
B =B(G,T,.) C F=F(G)xT,

where G is an additively written finite abelian group with |G| > 1, n € N, T = Dy x...xD,, D1,...,D,
are reduced seminormal finitely primary monoids, and ¢: T'— G be a homomorphism. Clearly,

A(F)=GuUJAD),
i=1
Since G is finite, B C F is a cofinal saturated submonoid with class group q(F)/q(B) = G ([17, Proposition
3.4.7]), and we identify the groups. For every a € q(F'), we denote by [a] = aq(B) the class containing a,
and since B C F is saturated, we have a € B if and only if [a] = 0 € G. In particular, we have a®**(%) € B

for every a € F. For every i € [1,n], we set D; C /D\Z = /D\ix X [qi1,---,qs] with s; € N, and we have
A(D;) = {eql’fl1 o qf;l | € € Z/)\ix,min{kl,...,ksi} = 1} by Lemma Every A € F has a unique
product decomposition of the form

A=g1-...-gray ... ap,

where k € Ny, g1,...,9x € G, and a; € D; for every i € [1,n]. For the set of factorizations of A we observe
that

Zp(A)=g1- -~-'9kHZF(ai)~

We define a norm
[-ll: F(G) xT —  (No,+)

A=g1-...-gray ... ap, k+2ZmaxLDi(ai):k+2mapr(a1-...-an).
i=1
Obviously, ||S| = |S|#) for all S € F(G), and || A =0 if and only if A =1 € F. For each i € [1,n],
let p;: F(G) x Dy x ... x D, = D; denote the projection.
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Lemma 3.1. Let B be as above and A € B be an atom.
1. If q is atom of T such that q| A (in F) and g = [q] € G, then gqg~* A is also an atom of B.

2. Leti€[l,n], e € E\ix, and ¢ = €¢;1 - ... ¢is; be an atom of T such that g| A where g = [g] € G.
Then qg~ ' A is either an atom of B or a product of two atoms of B.

Proof. 1. Obvious.
2. If p;(A) = 1, then qg~ 1A is obviously an atom. Suppose that p;(A) = equ’ll o qf with €1 € l/)\iX

Si

and k; > 1 for all j € [1,s;]. Let A’ =qg 'A=W;-... - W; with W; € A(B) for all i € [1,t]. Assume to
the contrary that ¢ > 3. If p;(W7) = 1 or p;(Ws) = 1, then W7 | A or Wy | A, a contradiction. Otherwise

pi(W1) # 1 and p;(W2) # 1 which implies that p;(W3) = €aq;} - ... - g, with e € l/)\ix and r; < kj —1

1,84

for all j € [1,s;]. Hence p;(W3) | p;(A) and W3 | A, a contradiction. O

Proposition 3.2. Let B be as above and A € B with max A(L(A)) > maxA(G) + 2. Suppose that
{i € [L,n] | s; > 1}| < 1 or that G is an elementary 2-group. Then there exists an A’ € B with
|4’ < || Al and max A(L(A’)) > max A(L(A)) — 1.

Proof. Suppose that
A=Ui o Up=Vi-...- Vi,
where Uy,...Ug, Vi,...,Vi € A(B), [k+1,l—1]NLp(A) = 0, and | — k = max A(L(A)) > max A(G)+2 >
exp(G) (for the last inequality we use Proposition 1). We distinguish several cases.
CASE 1: There exist i € [1,k] and g1, 92 € G such that g1g2 | U;, say i = 1.

Let U] = U1(9192) "' (91 +92) and A’ = AU;'U{. Then || A’|| < ||A]l, U} is also an atom of B, and k €
Lp(A’). After renumbering if necessary we may assume that g1gs | V1Va. Let V' = V1 Va(g192) (g1 + g2)-
Then A" = V'V3 - ...V, and there exists mg > [ — 1 > k such that mg € Lp(A’). Choose m =
min (Lg(A’) \ [1,k]). We only need to prove that m > [ — 1. Assume to the contrary that k <m <[ —1.
Then let A’ = Wy -...-W,, with W; € A(B) for all i € [1,m] and g1 +go | W1. Let W{ = Wi(g1+92) ‘9192
Then A = W{Ws-...-W,, and W] is an atom or a product of two atoms. Hence m or m+ 1 € Lg(A), a
contradiction to [k + 1,1 — 1] NLg(A) = 0.

CASE 2: There exist i € [1,n], € € b\ix, and j € [1,k] such that ¢ = €g;1 - ... - ¢;s, divides U;, say
i=j=1.

Let U] = Uyq '[q] and A’ = AU;'U;. Then || A’| < || A| , Uj is an atom of B by Lemma 1,
and k € Lg(A’). After renumbering if necessary we may assume that g | Vi Va. Let V' = V1 VaqY[q]. Then
A" =V'Vs-...-V, and there exists mo > [—1 > k such that mg € Lg(A4’). Choose m = min (Lg(A4")\[1,k]).
We only need to prove that m > [—1. Assume to the contrary that k < m < [—1. Thenlet A’ = Wy-....-W,,
with W; € A(B) for all i € [1,m] and [q] | W1. Let W{ = Wi[q]~tq. Then A = W{Ws - ... - W, and W]
is an atom or a product of two atoms by Lemma 2. Hence m or m + 1 € Lg(A), a contradiction to
[k+1,0— 1] NLg(A) = 0.

CASE 3:  There exists an i € [1,n] such that p;(A) # 1 and maxLp(p;(A)) < 2.

Without loss of generality, we assume that p;(U1) # 1. Let U] = Uyp;(Uy)~'[p:(U1)] and A’ = AU, U],
Then || A" || < | A| , U{ is also an atom of B, and k € Lp(A4’). Since maxLp(p;(A)) < 2, we
may assume, after renumbering if necessary, that p;(Uy) |pi(A) | ViVa. Let V' = ViVopi(Ur) = [pi(U1)]-
Then A’ = V'V5 - ...V, and there exists mg > | — 1 > k such that mg € Lg(A’). We suppose that
A" = Wy-.. .- W, with [p;(U1)]| Wi and m = min (Lg(A)\[1, k]), where W; € A(B) for each i € [1,m]. Let
W{ = Wi[p;(U1)]~'p;(Uy) and hence W1 is an atom or a product of two atoms by max Lg (p;(A)) < 2. Since
A =W{Wy-....W,,, it follows that m > [—1, whence maxA(L(A’)) >m—-k>1-1-k= maXA(L(A)) —1.

We summarize what we know so far. If A € F(G), then CASE 1 holds. After renumbering and replacing
n by some n’ € [1,n] if necessary we may suppose that p;(4) # 1 for each i € [1,n]. By CASE 3, we
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CASE 2 holds (see Lemma . Thus we may suppose that s; > 1 for each ¢ € [1,n]. Then the inequality
[{i € [1,n] | s; > 1}| < 1 made in the assumption of the proposition implies that n = 1. Again by CASE
2, we infer that p;(U;) € A(D;) U {1} for each ¢ € [1,n] and each j € [1,k]. Now we continue with further
case distinctions.

CASE 4: k> 3.

After renumbering if necessary we may suppose that p1(U;) € A(D;) and p1(Uz) € A(D;). If
min (Lg(U1Uz) \ {2}) = | — k + 2, then A’ = UyU; satisfies || A" || < || A| and maxA(L(A")) >
maxA(L(A)) — 1. If r = min (Lp(U1U2) \ {2}) € [3,l — k + 1], say UyUy = Wy - ... - W, with atoms
Wi,...,W,, then A = Wy -... - W,U3-...-Ugand k+1 < r+k—2 < 1[—1, a contradiction to
[k+1,0— 1] NLg(A) = 0.

Now suppose that Lp(U1Us) = {2}. Since p1(U1) # 1 and p1(Usz) # 1, we infer that ¢ = ¢11 - ... -
q1.s, | P1(U1U2), and we set U’ = U1Uzq tg] and A’ = U'Us - ... - Ug. Clearly, we have ||A’| < | A] .

may suppose that maxLp pi(A)) > 3 for each i € [1,n]. If there is some i € [1,n] with s; = 1, then
55

Suppose that U’ = Wy -...- W; with t > 3 and atoms W7y,..., W;. After renumbering if necessary we
suppose that [g] | Wi, and then W] = Wi[q]~1q is an atom or a product of two atoms by Lemma 2.
Therefore U Uy = W{Wy -...- Wy and t or t + 1 € Lg(U1Us), a contradiction. Hence U’ is an atom or a

product of two atoms which implies that k or k — 1 € Lg(A").

After renumbering if necessary, we may assume that q|V;Va, and we set V' = ViVoq 1[g]. Then A’ =
V'Vs ...V, and there exists mg > | — 1 > k such that mg € Lp(A4’). We choose m = min (Lg(A’) \ [1, k])
and need to prove that m > — 1. Assume to the contrary that k <m <l —1. Then A’ =Wy -...- W,
with W; € A(B) for all i € [1,m] and [q] | W1. Let W{ = Wi[q]~tq. Then A = W{Ws5 - ... - W, and W]
is an atom or a product of two atoms by Lemma 2. Hence m or m + 1 € Lg(A), a contradiction to
[k+1,1—1]NnLg(A) =0.

CASE 5: k=2.

We suppose that none of the previous cases holds. Therefore, after a suitable renumbering if necessary,
we have A = U Uy with Uy = Siay-...-an, € A(B), Uy = Saby ... b, € A(B), where Sy, 52 € F(G) with
[S1] <1, |S2| <1, and for each ¢ € [1,n],

a; = éiqﬁil’l [N qf’lsl € D; with ki,l =1 and ki,si >1,

Sq
i i s . —~X
b; = eng’il — qf’;‘ € D; witht;; >1andt;,, =1, where ¢;,¢, € D; .
First, we suppose that there exists ¢ € [1,n] such that max Lg(a;b;) > exp(G) + 2, say i = n.

After renumbering if necessary there is a A € [1,s,] such that k, 1 = ... =k, » =1 and k,, , > 1 for all
p € [A+1,s,]. Then t, , > exp(G) + 1 for each p € [1, A]. It follows that U;Uy = U;Uj where

— 1+exp(G 14+exp(G) kn Kn,sn
Ui = Ura,'! (Eiqn,*f PO g WO g g ) € B and
_ tn1—exp(G tna—exp(G) t, b
U2’ = Uanl (e;qn”f exp(C) -qm;\X ol )qn,}\tll teesngsy ) € A(B).
If U] € A(B), then gn1 - ... gn,s, | Ui and hence the assumption of CASE 2 is satisfied. Otherwise, set

¢ =minLp(U]) and hence £ € [2,exp(G) + 1]. If £ € [2,exp(G)], then max A(L(A)) =1-2<(+1-2<
exp(@), a contradiction. Thus ¢ = exp(G) + 1, max A(L(A)) = exp(G), and hence ky , > exp(G) + 1 for
all p e [A+1,s,]. Since

_ kn — G kn,s, —exp(G
ljla’rz1 (QQn,l et Qn,Aan’\:ﬁl exp(G) te..Qn,s, exp( )) € A(B) s
we obtain that Lg (qu’f{’(G) e qfffﬁrfa)) = {exp(G)}. We set
@)+1 G)+1
A= g g O g @2 (g, . )
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and observe that || A" | < || A . Since Lp(A") = {2,exp(G) + 1}, it follows that max A(L(A)) =
exp(G) — 1 > max A(L(A4)) — 1 = exp(G) — 1.

From now on we suppose that max Lg(a;b;) < exp(G) + 1 for each ¢ € [1,n], and distinguish two cases.
CASE 5.1: n =1 (recall all the reductions made before CASE 4).

Then Uy = Sia; and U = Soby with |S1] < 1 and [S2| < 1. Since max A(L(A)) > exp(G), we have
that min (Lp(A) \ {2}) > exp(G) + 2. By maxLp(a;b1) < exp(G) + 1, we obtain that |S; = [Sa| = 1,
515, € A(B), ajaz € B, min (Lp(A4) \ {2}) = exp( ) + 2, maxLp(a1by) = exp(G) + 1 and hence

Lp(A) = {2,exp(G) + 2}. Since qexp(G) e q(fj(spl( | a1b1, we have that a1b; (qixlp(G) e q‘fﬂi(c))_l is an
atom and Lp (7@ .. -qif;pr)) = {exp(G)}.
We set
exp(G)+1 exp(G)+1 exp(G)+2
A= g PO TGN ()

and observe that ||A"|| = 14 2(exp(G) +1) < 2+2(exp(G) +1)=||A|l . Since Lp(A’) = {2,exp(G) + 1},
it follows that max A(L(A’)) = exp(G) — 1 > max A(L(A)) — 1 = exp(G) — 1.
CASE 5.2: @ is an elementary 2-group, say G = (3.

We may assume that n > 2. Since | — 2 = maxA(L(A)) > maxA(C) + 2 = r + 1 (where the last

equation follows from Proposition , we have that [ > r + 3 > 4.
Since 3 < maxLp(p;(4)) = maxLp(a;b;) < exp(G) + 1 =3 for each i € [1,n], we may assume that

nsn

ko .
Un = €nGn14y"s" + -+ qnis," With k2 > 1 and,

nsn

) —~ )
by, = E;qu,lqn’qu{j; oo qns where €y,€, € D, and ky, j +t,; > 3 for each j € 3,n].

CASE 5.2.1: [ =4. y
Then r =1 and G = Cs. If [gn1] =€, [gn k] = 0 for each k € [2,s,], and {[n] | n € D,, } = {0}, then

Us = by, and hence n = 1, a contradiction. Thus we may suppose that [g, 1] = [gn k] for some k € [2, s,]
—~ X
or [gn,1] = [no] for some ng € D, because [15-x] = 0. Let
/ ) - . Gnie if [gn,1] = [gn.k] for some k € [2, s,],
by = €Mn,14n,20,"5 * - - -+ G5, Where n = . ~ x
Mo otherwise [gn,1] = [no] for some 7y € D,
and hence U} = Usb, b, is an atom. We set A’ = UjU) and observe that || A" || < || A| . After
renumbering if necessary we may assume that g, 1 ... @n,s, | V1Va. Let
Pn(V1V2) = €1, 1477 - - - - - gz, with z > 1 for each k € [1, 5,,]
and
d=emgi gy gnik
Then

A" =ViVop, (ViVa) HdVsVy,
which implies that there is a k € N such that k > 3 and k € L(A4’). Then maxA(L(A")) >1=1-3 =
max A(L(A4)) — 1.
CASE 5.2.2: [ > 5.
Then U; = Uja;, a,] € A(B), and after renumbering if necessary we may assume that a, | V3 V2V3. We
set
A =UUy = ViVoVaa, an] -Va-...- Vi,

and observe that ||A"|| < ||A| and there is a k € N such that k > [ —2 > 3 and k € Lg(A4’). Suppose
that m = min (Lp(A")\{2}) and A’ = Wy -...- W, with [a,,]| W1, where W; is an atom for each i € [1,m)].
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If b, ¥ W1, then W] = Wila,] ta, is an atom and UyUy = W{Ws - ... W,,. Therefore m > | which
implies that max A(L(A’)) > maxA(L(A)). Thus we assume that by, | Wy. Let W{ = Wi[a,] 'a, and
hence ¢ = qfhquh2 et qfus" | @by, | W]. Therefore W{g~! is an atom and ¢ is an atom or a product of
two atoms. If ¢ is an atom, then m + 1 > [ and hence max A(L(A’)) > max A(L(A)) — 1.

Suppose that g is a product of two atoms. Then there exists € € l/);X such that €g¢n 1Gn2 ... qn,s, iS
an atom. Let b/, = e;eqn’lqi’zq;’gﬁl e o ger T and hence UL = Usb; 10!, is an atom. Without loss of

generality, we assume that b, | V1 VaV3. Therefore
A =hUy = ViVaVab YWV, - ... -V,

which implies that || A”|| < ||A|| and there is a k € N such that k >1—2 >3 and k € Lg(A").

Suppose that m = min (Lg(A”)\ {2}) and A” = X; ...  X,, with X; is an atom for each i € [1,m]. If
pn(A") = pn(X;) for some i € [1,m], then €gn 1. . .- qn.s, | and), | X;, a contradiction to that €qy 1-. .. qn s, €
A(B). Therefore we may assume that p,(A”) = p,(X1X2), pn(X1) # 1, and that p,(X2) # 1. Let

Po(X1) = €10n10y% - @00, and pu(X2) = 201Gyl - 40,
with r; + s; > 4 for each i € [2,n]. Let

Té TI 'h ’ Ti lfT.lSQ’f h 2
Cn = €1Gn 10y 0 * -+ -~ qnls, » With r} = r—2 i >3 or each i € [2,n],
_1 92 512 S/ . , Si_]. 1f7“1§27 i
dn = €26 ;10,72 -+ Qulls, » With s} = s+l ifr >3, for each i € [2,n].
Therefore c,d,, = anb,. Let X = X1pn(X1) te, and X) = Xopn(X2)~td,. Then X is an atom, X, is
an atom or a product of two atoms, and A = X{X,X3 ... X, which implies that m > — 1 and hence
maxA(L(A”)) 2m—22l—3:maXA(L(A))—l. O

Recall that for an atomic but non-factorial monoid H we have 2 + sup A(H) < c(H). In general, this
inequality can be strict (even for numerical monoids; see Examples 2). Suppose H is a Krull monoid
with finite class group G and suppose that every class contains a minimal prime ideal. Then A(H) = @ if
and only if |G| < 2, and if G is nontrivial with D(G) = D*(G), then 2+ max A(H) = c(H) ([16, Corollary
4.1]).

Now let H be a weakly Krull monoid as in Theorem but not Krull, whence H is seminormal v-
noetherian with nontrivial conductor, all localizations H,, are finitely primary, and every class of the v-class
group contains a minimal prime ideal p € X(H) with p 2 f. If G is trivial, then H,qq is isomorphic to the
monoid Z}(H) of v-invertible v-ideals and 2 + max A(H) = ¢(H) € {2,3} (this will be outlined in detail
in the proof of Theorem . The next theorem provides a detailed analysis of the case where |G| = 2.

Theorem 3.3. Let H be a seminormal v-noetherian weakly Krull monoid, H its complete integral closure,
0 +#f=(H:H)C H its conductor, P* = {p1,...,pn} = {p € X(H) | p D §}, and P = X(H) \ P*. Suppose
that Hy, is finitely primary of rank s; for alli € [1,n], that the v-class group G = C,(H) has two elements,
and that each class contains some p € P.

Then A(H) is an interval with 24+ max A(H) = ¢(H), and either A(H) = () or min A(H) = 1. Moreover,
setting G = {0, e},

— —~ X

D, = (Hp, )red, Dv=D, X[qui,---1qvs,], and G, ={[e]|e€ b\,,x} for all ve[l,n],
we have

max A(H) = max ({d, + dv | v,V € [L,n] withv # v} U{|dy| | v € [1,n]}) where
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2, if G, ={0} and s, = |{i € [1,s,] | [qws] = e} =2,
0, if G, = {0} and s, = 1; note that [g,1] = e or |ﬁ,x| > 1, since D, is not factorial,
d, =< —1, if G, ={0}, s, > 2, and [{i € [1,5,] | [gv.i] = €}| =0,
1, if G, # {0}, or (sl, >2and |{i € [1,s,] | [qus] =€} = 1),
or (sy >3 and {i €[1,8] | [qv:] =€} > 2).

Proof of Theorem[1.1] and of Theorem[3.3 Let H be a v-noetherian weakly Krull monoid as in the for-
mulation of Theorem and of Theorem We proceed in five steps. First, we show that it is sufficient
to consider a special class of weakly Krull monoids. Second, we handle the special cases where the v-class
group is either trivial or infinite, which settles the first statement of Theorem|[I.1} In the third step we prove
the second statement of Theorem and in the fourth step we show that A(H) = 0 or min A(H) = 1.
Finally we prove Theorem [3.3] We use all the notation introduced at the beginning of this section.

1. Reduction to a special case. Let H = {aH | a € H} be the monoid of principal ideals, Z;;(H) be
the monoid of v-invertible v-ideals of H, dp: Hyeq — Z;(H) be the canonical monomorphism satisfying
6r(Hrea) =M, and C,(H) = q(Z;(H))/a(H) be the v-class group. We set f = (H:H), P* = {p € X(H) |
p O}, and P = X(H)\ P*. By assumption, we have § # 0. If f = H, then H = H is Krull, and all
statements of Theorem hold by Proposition Thus we suppose that f C H whence P* is finite and
non-empty, say P* = {p1,...,pn} with n € N. By [I8, Theorem 5.5], there exists an isomorphism

x:Iy(H) = D =F(P)x(Hp,)rea X ... %X (Hyp, red

where x | P =idp and, for all i € [1,n], D; := (Hp,)red is a reduced seminormal finitely primary monoid,
say of rank s;, which is not factorial. Hence x o dpy: Hyea & H = {aH |a € H} — I} (H) — D induces
an isomorphism H,.q — H*, where H* C D is a cofinal saturated submonoid, and there is a natural
isomorphism ¥: C,(H) — q(D)/q(H*) = G mapping classes of primes onto classes of primes (use [I8]
Lemma 4.1]). Thus we may assume from now on that H = H* C D is a cofinal saturated submonoid with
class group G = q(D)/q(H).

By Proposition [2.2] it is sufficient to prove the assertion for the associated T-block monoid

B=B(G,T,))C F=FG)xT,

where T'= Dy X...x Dy and ¢: T — G is defined by «(t) = [t] for all ¢ € T' (note that, again by Proposition
2:2] B is seminormal v-noetherian weakly Krull with non-trivial conductor and class group isomorphic to
G). Since B(G) C B is a divisor-closed submonoid, it follows that A(G) C A(B), and in case |G| > 3,
Proposition implies that A(G) is an interval with min A(G) = 1.

2. Proof of Theorem [I.111.

Suppose that |G| = 1. Then B = F and c¢(B) = ¢(F) = max{c(D1),...,c(D,}. Thus Lemma [2.1]
implies that c(B) < 3 and hence A(B) C {1}.

Suppose that G is infinite. Then A(G) = N by [I7, Theorem 7.4.1] and hence N C A(G) C A(B) C N.

3. Proof of Theorem [1.712.

Suppose that G is finite with |G| > 1, and that either |[{i € [1,n] | s; > 1}| <1 or that G is an elementary
2-group. Lemma implies that c(F) = max{c(D1),...,c(Dy)} < 3. Since B C F' is cofinal saturated
with finite class group, the finiteness of c¢(F) implies that ¢(B) < oo by [I7, Theorems 3.6.4 and 3.6.7].
Therefore A(B) is finite and it is sufficient to show that [1, max A(B)] C A(B). We set m = max A(B),
and we use the convention that max A(G) = 0 if A(G) = 0 (which is the case for |G| = 2).
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We assert that for each d € [max A(G)+1,m], there are Aq, ..., A, € Bsuchthat || Aq] < ... <||4An|,
max A(L(A;)) = i for each i € [d,m], and that | A;| is minimal among all | A]| with A} € B and
max A (L(A})) = i. This implies that [d,m] C A(B) for each d € [max A(G) + 1,m], and hence

A(B) = A(G) U [max A(G) 4+ 1, max A(B)]

is an interval with min A(B) = 1.

We proceed by induction on d. Clearly, the assertion holds for d = m. Suppose it holds for some
d € [maxA(G) + 2,max A(B)]. By Proposition there is an Ag_1 € B with || Ag—1 || < || Aa ||
and max A(L(Aq-1)) > maxA(L(Aq)) — 1. The minimality of | Ag | ,..., || Ay || implies that
max A (L(Aq—1)) = max A(L(A4)) — 1 =d — 1, and hence the assertion follows.

4. Suppose that A(B) # 0. We have to verify that min A(B) = 1. If G is trivial or infinite, then this
follows from 2. If G is finite with |G| > 3, then 1 € A(G) C A(B) by Proposition If |G| = 2, then G
is an elementary 2-group and the assertion follows from 3.

5. Proof of Theorem [3.3l
Suppose that |G| = 2, say G = {0, e}, and, as in the formulation of Theorem we set G, = {[e] | e €

l/)\,,x} for all v € [1,n]. Note that maxLr(A4) < 2 for all A € A(B). By definition of the catenary degree,
there are A € B with c¢(A) = ¢(B) and two factorizations

leUl'...~UkEZB(A) and ZQZWWGZB(A),

where k < [l and Uy,..., U, Vi,...V; € A(B) such that there is no (c(B) — 1)-chain between z; and zs.
First we choose an element A € B such that ||A| is minimal with respect to this property, and then we
choose factorizations z1,ze € Zg(A) such that |z1| + |22| = k + [ is maximal with the property that there
is no (c(B) — 1)-chain between z; and 2. Since B(G) is factorial and B is not factorial, it follows that
c(G) =0 < c(B). Thus A ¢ B(G), |Zp(A)| > 1, and hence there exists an ¢ € [1,n] such that p;(A) # 1,
say ¢ = 1.

We start with three assertions A1, A2, A3, and then distinguish five cases.

Al. k=2

Proof of A1.  Assume to the contrary that k& > 3. After renumbering if necessary, we may suppose
k. ks X

p1(4) = eqfll o q]fjrqurill ‘..t qy4,, wheree € D1, 1 € [0,s1], [(1.1] = ... [q1,r] = €, and [g1,r41] =

N [qul] =0.

Suppose that there exist an atom W € A(B), 4o € [1,k], and jo € [1,1] such that W | ], U; and
W Tl Vi Lot A= WU X1+ Xy = WV, Yie. .Yy, where X1,y Xy, Vi, Yin, € A(B). By
the minimality of || A| , we obtain that there are (c(B) — 1)-chains between [[, ,;, Ui and WX1-...- Xy,
between U;y Xy - ... Xy, and VY1 - ... - Yy, between WY, -...-Y,,, and Hj;éjo V;. Then there is an
(c(B) — 1)-chain between z; and z3, a contradiction.

Therefore we only need to find such a W to get a contradiction.

In fact, if p;(A) is an atom of Dy, then A’ = A(p;1(A))~![p1(A)] has the definining properties of A but
|A"|l < ||A]l, a contradiction to the minimality of || A|| . Therefore max Lg(p1(A)) > 2. If there exists an

—~ X
€ € Dy suchthat €¢11-...-q1,5, € A(B), then there exist distinct i1,z € [1, k] and distinct jq, j2 € [1,]

such that €11 ... -q1,5, | Ui Ui, and €'q11 - ... q1,5, | V},Vj,, and the atom W = €'g11 - ... q1,5, has the
required property.

Thus we may suppose that G; = {0} and [g1,1 - ... ¢1,5,] = € which implies that r > 1. We distinguish
two cases.

CASE 1:  maxLlp(p1(4)) =2.
After renumbering if necessary we may suppose that p;(A)|UiUs and p1(A)|ViVa. If there exists

i € [1,r] such that ¢1 1.1 ... - @15, | P1(4), then we choose W = ¢ ;¢1.1 ... ¢1,5,- Otherwise, it follows
that k1 = ... =k, = 2, hence p1(A) € A(B), and we choose W = p; (A).
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CASE 2:  maxLp(p1(4)) > 3.
Then p1(A) # p1(U;) for any i € [1, k] because D(G) = 2. Without loss of generality, we may suppose
that p1(U1) # 1 and p1(Uz) # 1. We assert that L(U;Uz) = {2}, and assume to the contrary that

UUy = Wy -...- W, where z > 3 and W; € A(B) for each i € [1,z]. Then there are (c(B) — 1)-chains
between Uy - ... -Up_1 and Wy -...-W,Us ... -Ui_1 by the minimality of || A| and there is a (c¢(B) —1)-
chains between Wy - ... - W, Us - ... - U and zy by the maximality of k 4+ [. It follows that there is a

(c(B) — 1)-chain between z; and z3, a contradiction. Thus L(U1Us) = {2}.

If U1 7é pl(Ul) and U2 75 p1(U2), then p1(U1)p1(U2) S .A(B) by L(UlUQ) = {2} Let U1U2 = W1W2
with W1 = p1(U1)p1(Uz2). Then there is no (c(B) — 1)-chain between W1WoUs - ... - Uy and V; - ... V.
Thus we always may suppose that U; = p1(U;) and hence there exists ¢ € [1,7], say ¢ = 1, such that
Vi, (U1) > 2by Gy ={0} and [q1,1 - ... q1,5,] = €. Therefore W' =¢i 1q1,2- ... qus, | U1p1(U2) | U1Us.

With the same reason and without loss of generality, we always may suppose that V3 = p1(V1) and
p1(V2) # 1. Then there exists j € [1,r] such that W’ = q1 jq1,1-...- q1,5, | Vip1(V2) | ViVa. If j =1, then
W’ =W" € A(B) and we are done by choosing W = W’. Thus we assume that j # 1. After renumbering
if necessary we may suppose that p;(U;) # 1 for each i € [1, ko] and p1(U;) = 1 for each i € [kg + 1,k]
where ko € [2,k]. After renumbering if necessary we may suppose that p1(V;) # 1 for each i € [1,1y] and
p1(V;) = 1 for each i € [lo+ 1,1] where Iy € [2,1]. If there exist distinct ji, jo € [1,1o] such that W' |V}, V},,
then we are done by choosing W = W’. Otherwise [y > k. Then there must exist distinct i1,i2 € [1, ko]
such that W | U;,U;, and we are done by choosing W = W". O(Proof of A1)

If L(A) = {2}, then max A(B)+2 < ¢(B) = ¢(A4) = 2 whence A(B) = () and max A(B) =0 = c¢(B) —2.
Suppose that L(A) # {2}, say

(3.1) A=UUs =W, -...-Wp,
where m = min (L(A) \ {2}) and W4,...,W,, € A(B). Since m +1 > 2+, we obtain that there is an
(c(B) — 1)-chain between zo and Wy - ... Wy,. Therefore there is no (c(B) — 1)-chain between U;Us and

Wi-...- Wy, It follows that max A(B)+2 > m > ¢(B) > max A(B) + 2 and hence maxA(B) =m —2 =
c(B) — 2. Since G is an elementary 2-group, Theorem 2 implies that A(B) is an interval.
We set m = 2 in case L(A) = {2}, and then it remains to prove that

(3.2) m —2=max ({d, + d, | v,/ € [1,n] with v £ '} U{|d,| | v € [1,n]}).

For every j € [1,n] we may suppose, after renumbering if necessary, that [g;;] = e for each i € [1,s']
and [g;,;] = 0 for each i € [s} + 1, s;] where s} € [0, s;].

A2. Let j € [1,n].

1. If s; =1, a,b € D; NA(B), then there exists € € B;X such that b = ea.
2. If s; >2and a € D; N B, then
3, ifs;=s"=2and G; ={0}ie. d; =2,
minL(a) < I =10} !
2, otherwise.

Proof of A2.  We prove the assertion for j = 1 and set s’ = ).

—~ X
1. If [g11] = 0, then a = €1q1,1, b = €2g1,1, where €1,€2 € D1 and hence the assertion follows. Thus

we assume that [g11] = e. If Gi = {0}, then a = €147}, b = €247 |, where [e1] = [e2] = 0 and hence the
assertion follows. If Gy # {0} , then a = €1¢1,1, b = €2¢1,1, where [e1] = [e2] = e and hence the assertion
follows.

2. Suppose s’ = 2 and G; = {0}. If s; = 2, we assume to the contrary that minl(a) > 4 and
let a = eq’f}lqlfé with k; > 4 for each i € [1,2]. Then ki + ko is even. If k; is even, then equqf:"Q_l and
q’f}flql,g are two atoms of B. Thus minL(a) < 2, a contradiction. If k; is odd, then eq1 1¢1 2, q171qf2272 and

_ . - Koy .
q’f}l %1 2 are three atoms of B. Thus min L(a) < 3, a contradiction. If s; > 3, we let a = quf,ll'- .y 4, With
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k; > 2 for each ¢ € [1,s1]. Then ki +k; is even. Since GQ1,1(J1,zqff3_1 . .-qlf;“sll_l and qfll_lq’fé_lqug.. Qe
are two atoms of B. Thus minL(a) < 2.
For the other cases, we have that G; # {0}, or s’ > 3, or s’ < 1.
) —~ X

If Gy # {0}, then let a = eqfll Cele q]ffsll with k; > 2 for each ¢ € [1,s1]. There exists ¢ € D; such
that e'ql,lqlf?{l e qf;ll_l and ee’qlf}flqlg “...-q1s, are two atoms of B and hence minL(a) < 2. Then
we always assume that G; = {0}.

If s > 3, we assume to the contrary that minl(ab) > 3 and let a = eqlf,ll s qffsll with k; > 3 for
each i € [1,s1]. We choose § € [1,2] such that ql,lq’ff;qu)?)q’ff[l Cee q]f;l:l is an atom of B and hence
€qf’11_1ql,2qi33_6ql’4 ... q1s, is also an atom of B. Therefore minL(a) < 2, a contradiction.

Now we assume that s’ < 1 (note s; > 2) and a = eqfll s qffsll with k; > 2 for each i € [1, s1].
Suppose that s’ = 1. Then k; is even. If k; = 2, then a is an atom of B. Otherwise k; > 4. It
follows that qilqlfé—l Ca q]ffsllfl and quf’ll_qu’qu"g ... q1s are two atoms of B. Hence minl(a) < 2.
Suppose that s* = 0. Then eq171qlf,2271 s q]ffsllfl and qf}flql,gql,g ... Q1 are two atoms of B. Thus
minL(a) < 2. O(Proof of A2)

A3. Let a,b € A(B).
1. Suppose that there exists ¢ € [1,n] such that a € D; and p;(b) # 1. If s; = 1, then L(ab) = {2}. If
L(ab) # {2}, then

4, if d; = 27
mm(wa\{2D55{3’ﬁdi#2.

2. Suppose that @ = ajas and b = b1by with a1, as, by, be are atoms of F, that there exists i € [1,n]
such that p;(a) = a1, p;(b) = b1, and that ay = e or (as € D; and by ¢ D; where j € [1,n]\ {i}).
Then d; # —1. If d; = 0, then L(ab) = {2}. If L(ab) # {2}, then

) 4, if d; =2,
mH%wa\{QHfS{B,ﬁdil.

3. Suppose that a = ajas and b = b1by with a1, as,b1,by are atoms of F' and there exist distinct
i,j € [1,n] such that p;(a) = a1, pj(a) = az, pi(b) = b1, and p;(b) = ba. Then d; # —1 and
d; #—1. If d; + d; = 0, then L(ab) = {2}. If L(ab) # {2}, then

6, if d; + d; = 4,
. 5, lfdz+dJ:3,
min (L) \{2}) <3 4 i g, 4, — 2
) % j T 4
3, if d; +d; = 1.

Proof of A3. 1. If s5; = 1, we assume to the contrary that ab =z -... -z, with g > 3 and z;, € A(B) for
each k € [1, ]. Then there exists k € [1, u|, say k = 1, such that z; € D; and hence x; = ea where [¢] =0
by A2.1. Therefore e 'b=29-...- x,, is also an atom of B, a contradiction.

Suppose that L(ab) # {2} and ab = 1 -...-2, with 4 > 3 and z, € A(B) for each k € [1, u]. Let b = b1bo
with by = p;(b). Then there must exist k € [1, ], say k = 1, such that by | 2;. Therefore abz;* € D; and
abry* ¢ A(B). Then by A2

in (L(ab) \ {2}) < 1+ minL(abart) < { 70 5=
mln( (ab) \ { }) < 1+ minl(abz;”) < {3, otherwise.

2. By definition of d; and the existence of a, we have that d; # —1. If d; = 0, then L(ab) = {2}
is obvious by definition. Suppose L(ab) # {2} and ab = a1b; - asbs = x1 - ... -z, with p > 3 and
xy € A(B) for each k € [1,pu]. Then there exist distinct k,j5 € [1, ], say k = 2,5 = 3, such that ag|x2
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and bs | 23 which implies that z1 | a1b;. By our assumption, asbs € A(B) and hence a;1b; # x1. Therefore
min (L(ab) \ {2}) < minL(a1b1) + minL(azbs) < d; + 2 by A2.

3. By definition of d; and the existence of a, we have that d; # —1 and d; # —1. If d; + d; = 0, then
d; = d; = 0 and hence L(ab) = {2}. Suppose that L(ab) # {2} and ab = z1 - ...z, with ¢ > 3 and
zr € A(B) for each k € [1,pu]. If a1by,a2by € A(B), then x t a1by and xy t agbs for each k € [1, ).
Thus a1b1 = pi(21) ... pi(x,) with p;(z,) # 1 for each v € [1, u], a contradiction to D(G) = 2. Therefore
a1by & A(B) or asby ¢ A(B). It follows that min (L(ab) \ {2}) < minL(a1b1) + minL(asbs) < d; + d;j + 2
by A2. O(Proof of A3)

Note, if (p;(U1) =1 or p;(Usz) = 1) for every i € [1,n], then L(A) = {2}. Therefore L(A) # {2} implies
that there exists ig € [1,n] such that p;,(U1) # 1 and p;, (Uz) # 1.
Now we distinguish five cases depending on the size of the right hand side of Equation (3.2

CASE 1: max ({dy, +dy | v,/ € [1,n] with v # 0/} U{|d,| | v € [1,n]}) = 4.

Then there exist distinct v,/ € [1,n] such that d, = d,» = 2, say d; = dy = 2. We define U] =
ql,quaqg,lq%2 and U} = q%’lql’gqg’lqg’g. Then U;,Us € A(B) and L(U;US) = {2,6} which implies that
4 € A(B). By A3, we know that min A(L(U1U2)\{2}) < 6. Thus max A(B) < 4 and hence max A(B) = 4.

CASE 2: max ({d, +d, | v,/ € [I,n] with v # '} U{|d,| | v € [1,n]}) = 3.
Then there exist distinct v,v/ € [1,n] such that d, = 2, d,» =1, and d) <1 for each A € [1,n]\ {v,v'},
say di = 2 and dy = 1. Since dy = 1, we set

€Q21 " .- Q2,5 with [e] +[g21 ... - q2,5,] =€, if Go # {0}
02,192,2 * -+ 2,55, if Go = {0}, s2 > 2, and [g2,1] =€, [g2,;] = 0 for each j € [2, s9]
“= q271q3’2q273 ... Q2sy, With 0 € [1,2] such that [qu] =[g23" - G2,
if Go = {0}, s2 > 3, and [g2,1] = [q22] = ¢
a1, if Gy # {0}
B q§71q2,2 e Q280 if G2 = {0}, s2 > 2, and [g2,1] = e, [g2,;] = 0 for each j € [2, s5]
2= q§71q3,2q2,3 ... Q2sy, Wwith 0 € [1,2] such that [qgg] =[g23" - " Q2.5
if Go = {0}, s2 >3, and [g2.1] = [ge2] = ¢

and define U] = a1 - q11¢7 5 and U = ay - ¢§1q1,2. Then Uj,U; € A(B) and L(UjU3) = {2,5} which
implies that 3 € A(B). By A3, we know that min A(L(U1Uz) \ {2}) < 5. Thus max A(B) < 3 and hence
max A(B) = 3.

CASE 3: max ({d, +d, | v,/ € [1,n] with v £ v} U{|d,| | v € [1,n]}) = 2.
Then there exist distinct v, v’ € [1,n] such that d, = d,» = 1, and dy < 1 for each A € [1,n]\ {v,V'}, or
there exists v € [1,n] such that d, =2 and d) <0 for each A € [1,n]\ {v}.
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We start with the first case and, after renumbering if necessary, we suppose that d; = ds = 1. We set
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€q1,1 " -+ ql,s, with [e] + [q1,1- ... - q1,5,] = €, if G1 # {0}
P1q1,2 " - Qlsys if Gi = {0}, s1 > 1, and [g1,1] =€, [q1,;] = 0 for each j € [1,s1]
"= q171qf)2q173 Ce. Qs Wwith ¢ € [1,2] such that [qf72] =[q13 - Qs>
if Gy ={0},s1>3,and [q11] = [q12] = ¢
ay, if G # {0}
B qilqlﬁg e 1y if Gi = {0}, s1 > 1, and [g11] =€, [q1,;] = 0 for each j € [1,s1]
4= q:l)”qu’qu’g Ce. s, Wwith ¢ €[1,1] such that [qfﬁ] =[q3 - Qs
if G1 ={0}, 51 >3,and [g11] =[q12] =€
€Q21 " -- - Q2,5 with [e] +[g21 ... q2,5,] = €, if G2 # {0}
- 21022 - Q2,59 if G2 = {0}, s2 > 2, and [g2,1] = €, [g2,;] = 0 for each j € [2, s5]
q271qg,2q273 Co.. Qo5 With ¢ €[1,2] such that [qgg] =[g2,3" .- q2,5)s
if G2 = {0}, s2 > 3, and [g2,1] = [g2,2] = ¢
ai, if Gy # {0}
b, = q%lqz)g e 2,505 if Go = {0}, s2 > 2, and [g2,1] =€, [go,;] = 0 for each j € [2, s9]
qg’71qg)2q273 Co.. Q2,5 With ¢ € [1,2] such that [qu] =[g2,3" - q2,5)s
if G2 = {0}, s2 > 3, and [g2,1] = [g22] = ¢

and define U{ = a1b; and U} = agby. Then Uj,U} € A(B) and L(U{Uj) = {2,4} which implies that
2 € A(B).

Now we consider the second case and suppose that there exists v € [1,n] such that d, =2 and d <0
for each A € [1,n] \ {v}, say v = 1. We define U] = e - q1,14} , and Uy = € - ¢{ 1q1,2. Then U], Uj € A(B)
and L(U{U}) = {2,4} which implies that 2 € A(B).

Therefore in both cases, we have that 2 € A(B). By A3, we know that min A(L(U1Uz) \ {2}) < 4.
Thus max A(B) < 2 and hence max A(B) = 2.

CASE 4: max ({d, +du | v,V € [l,n] with v # V}U{|d,| | v € [1,n]}) = 1.

Then there exists v € [1,n] such that d, = 1 and d) < 0 for each A € [1,n]\ {v}, or there exists v € [1, n]
such that d, = —1 and d) = 0 for each X € [1,n] \ {v}.

We start with the first case and, after renumbering if necessary, we suppose that d; = 1. We set

€ Qs with [e] +[g11---- - q1,6,] = ¢, if G1 # {0}
QA2 sy if Gy = {0}, s1 > 1, and [q1,1] =€, [q1,;] = 0 for each j € [1,s1]
“= qulq‘fgql’g “... Q1s,, Wwith 0 € [1,2] such that [q‘fg] =[g13 - Qs
if Gy ={0}, s1 = 3, and [q11] = [q 2] =€
a1, if G1 # {0}
B Gaqr2 - Qs if G1 = {0}, s1 > 1, and [g1,1] =€, [g1,;] = 0 for each j € [1, s1]
2= qi’71q‘1$,2q173 Co. s, Wwith ¢ €[1,1] such that [qu] =[q13 - Q15
if G1 = {0}, s1 >3, and [q11] = [q12] = ¢
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and define U] = e-ay and U} = e - az. Then Uj,U} € A(B) and L(UjU%) = {2,3} which implies that
1€ A(B).

Now we consider the second case and suppose there exists v € [1,n] such that d, = —1 and d) = 0 for
each A € [1,n] \ {v}, say v = 1. We define U] = ¢f 1q12- ... qu,s, and U) = qu1¢15 ... ¢3,,- Then
U{,U} € A(B) and L(U{Uj) = {2,3} which implies that 1 € A(B).

Therefore in both cases, we have that 1 € A(B). By A3, we know that min A(L(U1U») \ {2}) < 3.
Thus max A(B) < 1 and hence max A(B) = 1.

CASE 5: max ({d, +dy | v,/ € [1,n] with v # 0/} U{|d,| | v € [1,n]}) =0.
Then d,, = 0 for each v € [1,n]. We have Uy = p;,(U1) = ep}, | = €Uy = €'p;,(Uz), where 6 € [1,2] and

€,€ € b\ix, which implies that L(U1Us) = {2}, a contradiction. O

We provide a list of v-noetherian weakly Krull monoids having nontrivial conductor and finite v-class
group. However, they are either not seminormal or they miss the assumption on the prime ideals in the
classes, and the statements of Theorem fail (i.e., min A(H) > 1 or A(H) is not an interval).

Examples 3.4.

1. (Krull monoids) By definition, every Krull monoid is a seminormal v-noetherian weakly Krull monoid.
Let H be a Krull monoid with class group G and let Gp C G denote the set of classes containing minimal
prime ideals. If Gp = G, then A(H) is an interval (Proposition . Suppose that Gp # G. Then, in
general, the set of distances A(H) need not be an interval. There is an abundance of natural examples, and
all these phenomena already occur in Dedekind domains (see [20, Remark 3.1] and [I7, Theorem 3.7.8]).

2. (Weakly factorial monoids) A monoid is weakly factorial if every non-unit is a finite product of
primary elements (equivalently, if it is weakly Krull with trivial ¢-class group, see [25 Exercise 22.5]). In
particular, primary monoids are weakly factorial. To recall the connection between ring theoretical and
monoid theoretical concepts, let R be a domain. Then its multiplicative monoid R*® is primary if and only
if R is one-dimensional and local and, if R is a one-dimensional local Mori domain with (R: R) # {0},
then R*® is finitely primary; furthermore, R® is seminormal finitely primary if and only if R is a seminormal
one-dimensional local Mori domain ([I'7, Proposition 2.10.7] and [I8 Lemma 3.4]).

The following examples are v-noetherian weakly Krull monoids with nontrivial conductor and trivial
v-class group. However, they fail to be seminormal and their sets of distances are not intervals.

2.(a) (Numerical monoids) Numerical monoids are finitely generated (and hence v-noetherian) finitely
primary monoids of rank one, and hence they are weakly Krull with nontrivial conductor and trivial
v-class group. Let H be a numerical monoid. Then, in general, we have 2 + max A(H) < c(H) (see,
for example, [I7, Example 3.1.6]). Sets of distances of numerical monoids (and in particular, gaps in
their sets of distances) have found wide interest in the literature. To mention an explicit example, if
H = (n,n+ 1,n*> —n — 1) with n > 3, then A(H) = [1,n — 2] U {2n — 5} by [6, Proposition 4.9].
Furthermore, each set of the form {d,td} with d,¢ € N occurs as a set of distances of a numerical monoid
(I2).

2.(b) (Finitely primary monoids of higher rank) For each d € N there is a v-noetherian finitely primary
monoid of rank two with min A(H) = d ([I7, Example 3.1.9]).

3. (Seminormal v-noetherian weakly Krull monoids with nontrivial conductor) Consider the seminormal
v-noetherian finitely primary monoid

D = {p{*p5* | ki, k2 € N}U{1} € D = F({p1,p2}),

a finite cyclic group G of order |G| = n > 3, and an element e € G with ord(e) = n. We define a
homomorphism ¢: D — G by setting ¢(p1) = e and t(p2) = —e.
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3.(a) Then H = Ker(:) — D is a cofinal saturated submonoid ([I7, Proposition 2.5.1]) and it is a
seminormal v-noetherian weakly Krull monoid with (H: H) # 0 by [I8, Lemma 5.2]. We assert that
min A(H) = n.

Clearly, H = {p¥'pk? | ki, ks € N,ky = ky mod n} U {1} and

A(H) = {plpé62 | koel +HNQ} U {plflpg ‘ kel +7’LNO}

Thus, if 41 ... -ux =v1-... vy, where k, £ € Nand uy,...,ug,v1,...,0 € A(H), then k = ¢ mod n and
hence n divides gcd A(H) = min A(H). To show that n € A(H), consider the element a = p?2pi*2 ¢ H.
Clearly, {p1pa, p1p5 ™, p ™ pa} is the set of atoms of H dividing a, a = (p1p5h ™) (p7 'p2) = (prp2)™t2,
and hence Ly (a) = {2,n + 2}.

3.(b) If the above monoid occurs as the primary component of a T-block monoid, then the situation is
different. To show this, let us consider the monoid

B=B(G,T,.)C F(G)x D,

where G, ¢, and D are as at the beginning of 3. Then B satisfies all assumptions of Theorem B(G)cC B
and H C B are divisor-closed submonoids. We assert that A(B) = [1,n]. Since A(G) = [1,n — 2] by
Propositionsand it follows that [1,n —2] C A(B). Furthermore, a = p}™?pi™ € H C B, Ly(a) =
Lp(a) = {2,n + 2}, and hence n € A(B). The element b = p ™' pi™2e € B, {pip2, ;1py ™, ep1p3, epip2}
is the set of atoms of B dividing b, b = (p1p3 ™) (epip2) = (p1p2)™(ep1pd), L(b) = {2,n + 1}, and hence
n—1¢€ A(B). It can be checked that max A(B) < n, and then the assertion follows.

4. We provide an example of a weakly Krull monoid B with v-class group G satisfying all assumptions
of Theorem [[1] where
max A(B) > D(G) — 2 > max A(G)
(confer the bounds given in Proposition [2.4). Since D(G) — 2 > max A(G), Proposition [2.4]2 implies that
G can neither cyclic nor be an elementary 2-group. We set G = C% with r > 2, choose a basis (e, ..., e,)
of G with ord(e;) = ... = ord(e,) = 3, and set ¢g = e; + ...+ €,. Then D(G) = D*(G) = 2r + 1. For
i € [0,7], we define a seminormal v-noetherian finitely primary monoid

D; = {pfigl | ki,li e Ny U {1} € D; = F({pi, ai}) »

and we define a homomorphism ¢: T'= Dy X ... x D, — G by u(p;) = e;, t(q;) = —e; for every i € [0,7].
Then B = B(G,T,t) is a seminormal v-noetherian weakly Krull monoid with nontrivial conductor and
v-class group isomorphic to G (see Proposition [2.2]). The elements

Ur=piqi ... pr@? P30, Us =piqi ... P3¢y -poqs, and V;=p;q for every i€ [0,7]
are atoms of B, UyUs = (Vg - ... V;)3, and Lg(U Us) = {2,3(r + 1)}.
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