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1. Introduction

Le K be an algebraic number field, Ok be its ring of integers and G be its ideal class
group. For a non-zero element a € Ok, let Z(a) denote the set of all (essentially
distinct) factorizations of a into irreducible elements. Then O is factorial (in other
words, |Z(a)| = 1 for all non-zero a € Ok) if and only if |G| = 1. Suppose that
|G| > 2 and let k € N. Inspired by a paper of Fogels [4] and a question of Turdn,
Narkiewicz initiated in the 1960s the systematic study of the asymptotic behavior
of counting functions associated with non-unique factorizations (for an overview
and historical references, see [14, 31]). Among others, the function

Fi(z) = {aOk |a € Og\{0}, (Ok:a0k) <z and |Z(a)| < k}|
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was considered. It counts the number of principal ideals aOx where 0 # a € Ok
has at most k distinct factorizations and whose norm is bounded by z. After a
first paper in 1964, Narkiewicz proved in 1972 (see [28, 29]) that Fj(z) behaves, for
x — 00, asymptotically like

71+1/\G\(

z(log x) loglog z)Ns  for some Ny > 0.

This result was refined and extended in several ways: the asymptotics were sharp-
ened in [21], while the function field case was handled in [19], Chebotarev formations
in [16] and non-principal orders in global fields in [15]. For more and recent develop-
ment, see [12, 14, Sec. 9.3; 22-25, 34]. In [30, 32], Narkiewicz and Sliwa showed that
the exponents Ny depend only on the class group G, and they gave a combinatorial
description of this constant Ni(G) (see Definition 2.1). This description was used
by Gao for the first detailed investigation of Ni(G) in [5]. We continue these inves-
tigations of Ng(G) with new methods from Combinatorial Number Theory. Before
going into details, we briefly outline how these investigations are embedded into the
more general study of the arithmetic of Og.

Suppose that G =2 C,,, & - ® C,,. with 1 <mny |-+ |n,. Since |G| > 2, Ok is
not factorial. The non-uniqueness of factorizations in O is described by a variety
of arithmetical invariants — such as sets of lengths or the catenary degree — and
they depend only on the class group G (the same is true not only for rings of inte-
gers but more generally for Krull monoids with finite class group where every class
contains a prime divisor). Thus the goal is to determine their precise values in terms
of the group invariants nq,...,n,, or to describe them in terms of classical com-
binatorial invariants, such as the Davenport constant or the Erdés—Ginzburg—Ziv
constant. Roughly speaking, a good understanding of these combinatorial invariants
is restricted to groups of rank at most two, and thus no more can be expected for
the more sophisticated arithmetical invariants.

Back to the Narkiewicz constants. A straightforward example shows that
Ni(G) > ny + -+ + n, (see inequality (2.2)), and in 1982, Narkiewicz and
Sliwa stated the conjecture that the equality holds. Since, on the other hand, the
Davenport constant D(G) is a lower bound for Ni(G) (see inequality (2.1)), the
Narkiewicz—Sliwa Conjecture, if true, would provide an upper bound for the Dav-
enport constant which is substantially stronger than all bounds known so far. Thus
it is not surprising that up to now this conjecture has been validated only for a
few classes of groups including cyclic groups, elementary 2-groups and elementary
3-groups (see [14, Theorem 6.2.8]). A main part of this paper deals with the study
of N1 (G) for groups of rank two. A key strategy in Combinatorial Number Theory
for such investigations divides the problem into the following two steps.

Step A. Determine the precise value for the invariant under investigation for
groups of the form C, & C,, where p is a prime.

Step B. Show that the problem is “multiplicative”, in the sense that the precise
value for the invariant can be lifted from groups of the above form to
arbitrary groups of rank two.
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This procedure is applied successfully in a variety of investigations — as, for exam-
ple, in the study of the Davenport constant and of the Erdés—Ginzburg—Ziv constant
in groups of rank two — and both steps usually require essentially different methods.
In the present paper, we perform Step B for the Narkiewicz constant N1 (G) (indeed,
we do more; see the discussions before Theorem 3.15 and after Theorem 4.1). For
that purpose, we introduce a new combinatorial invariant, n*(G), which is of a
similar type as the Erdés—Ginzburg-Ziv constant (see Sec. 3). In the final section,
we study the Narkiewicz constants Ng(G) for higher values of k in the context of
cyclic groups and of elementary 2-groups (see Theorems 5.1 and 5.3). Our investiga-
tions are based on the recent characterization of the structure of minimal zero-sum
sequences of maximal length over groups of rank two (see [7, 35, 38]) and on a
recent result on the structure of long zero-sum free sequences over cyclic groups
(see Lemmas 3.7 and 5.2).

2. Preliminaries

We denote by N the set of positive integers, by P C N the set of prime numbers, and
we set Ng = NU {0}. For real numbers a,b € R, we set [a,b] = {x € Z|a < 2 < b}.
By a monoid, we always mean a commutative semigroup with identity which satisfies
the cancelation law (that is, if a, b, ¢ are elements of the monoid with ab = ac, then
b = ¢ follows).

Let H be a monoid and a,b € H. We denote by A(H) the set of atoms (irre-
ducible elements) of H and by H* the set of invertible elements of H. The monoid
H is said to be reduced if H* = {1}. Let Hyea = H/H* = {aH* |a € H} be the
associated reduced monoid.

A monoid F is called free (with basis P C F) if every a € F has a unique
representation of the form

a= H 7@ with v,(a) € Ng and vy(a) =0 for almost all pc P.
peEP

We set F' = F(P) and call

la| = Z vp(a) (the length of a) and supp(a)
peEP

={pe P|vy(a) >0} (the supportof a).

The monoid Z(H) = F(A(Hyeq)) is the factorization monoid of H and w: Z(H) —
H,eq denotes the natural homomorphism given by mapping a factorization to the
element it factorizes. Then the set Z(a) = m~1(aH*) C Z(H) is called the set of
factorizations of a, and we say that a has unique factorization if |Z(a)| = 1. The set
L(a) ={lz||z € Z(a)} C Ny is called the set of lengths of a.

All abelian groups will be written additively. For n € N, let C,, denote a
cyclic group with n elements. Let G be an abelian group and Gy C G be a
subset. Then (Gy) C G is the subgroup generated by Go, G§ = Go\{0}, and



1466 W. Gao, A. Geroldinger & Q. Wang

—Go={—g|g € Go}. A family (e;);er of non-zero elements of G is said to be inde-
pendent if

Zmiei =0 implies m;e; =0 for all i € I, where m; € Z.

il
If I =[1,r] and (ey,...,e,) is independent, then we simply say that e1,..., e, are
independent elements of G. The tuple (e; );er is called a basisif (e;);er is independent
and ({e; |1 € I}) = G. If 1 < |G| < o0, then we have

T

G=C, @ - -dC,,, andwesetd (G)= Z(nl - 1),

i=1
where r = r(G) € Nisthe rankof G, ny,...,n, € Nareintegers with 1 <nq | --- |n,
and n, = exp(G) is the exponent of G. If |G| = 1, then r(G) = 0, exp(G) = 1, and

d*(G) = 0.

The multiplicative monoid of non-zero elements in a ring of integers (more gen-
erally, in an arbitrary Dedekind or Krull domain) is a Krull monoid. The arithmetic
of Krull monoids is studied by using two classes of auxiliary monoids: the monoid of
zero-sum sequences and the monoid of zero-sum types (see [14, Secs. 3.4 and 3.5]

r [13]). We need both concepts for our investigations.

Monoid of zero-sum sequences. The elements of the free monoid F(Gy) are
called sequences over Gg. Let

S = H g"79 | where vy(S) € Ny for all g € G and
g€Go
vg(S) =0 for almost all g € Gy,
be a sequence over Go. We call v, (S) the multiplicity of g in S, and we say that S

contains g if vg(S) > 0. A sequence S is called a subsequence of S if S1].S in F(G)
(equivalently, vq(S1) < vg(S) for all g € G). If a sequence S € F(Gy) is written in

the form S = g1 - ... g;, we tacitly assume that [ € Ny and ¢1,...,¢9; € G. For a
sequence
g€Go

we call o(S) = Zé:l 9i = D.4eq,Ve(S)g € G the sum of S, and X(S) =
{2 icr9il0 # I C [1,1]} the set of subsums of S. For g € G, we set g+ 5 =
(9+g1) ... - (9+aq) € F(G). The sequence S is called

a zero-sum sequence if o(S) =0,

short (in G) if 1 < |S| < exp(G),

zero-sum free if there is no non-empty zero-sum subsequence,

a minimal zero-sum sequence if S is a non-empty zero-sum sequence and every
subsequence S’ of S with 1 < |S’| < |S| is zero-sum free.
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By definition, the empty sequence 1 € F(G) is both zero-sum free and a zero-sum
sequence of length |1 = 0. We denote by B(Gy) = {S € F(Goy)|o(S) = 0} the
monoid of zero-sum sequences over Go, by A(Gp) the set of all minimal zero-sum
sequences over Gy (this is the set of atoms of the monoid B(Gp)), and by

D(Go) = sup{|U| |U € A(Gp)} € NU {c0}
the Davenport constant of Gy.

Monoid of zero-sum types. The elements of the free monoid F(Gg x N) are
called types over Gy. Clearly, they are sequences over Gy x N, but we think of them
as labeled sequences over Gy where each element from G carries a label from the
positive integers. Let a: F(Gop x N) — F(Gy) denote the unique homomorphism
(called the unlabeling homomorphism) satistying

a((g,n)) =g forall (g,n) € Gop x N,

and let 7 = oo a: F(Go x N) — G. For a type T' € F(Gy x N), note that a(T) €
F(Gp) is the associated (unlabeled) sequence. A type T is called a subtype of T if
Ty |T in F(Go x N). We say that T is a zero-sum type (short, zero-sum free or a

minimal zero-sum type) if the associated sequence has the relevant property, and
we set X(T') = X(a(T)). We denote by

T(Go) ={T € F(Go x N) |5(T) = 0} = o~ " (B(Go)) C F(Go x N)

the monoid of zero-sum types over Gy (briefly, the type monoid over Gy). Type
monoids were introduced by Halter-Koch in [18] and applied successfully in the ana-
lytic theory of so-called type-dependent factorization properties (see [14, Sec. 9.1],
and [16, 17] for some early papers).

Let G; be an abelian group. Every map ¢ : Gy — G extends to a unique homo-
morphism ¢: F(Gy) — F(G1) extending ¢, and there is a unique homomorphism
p: F(Go x N) — F(G1 x N) satisfying ¢((g,n)) = (¢(g),n) for all (g,n) € Gy x N.
Suppose that S = g1 -...- g1 € F(Go). Then, obviously, p(S) = ¢(g1) - ... - o(q1),
and if ¢ is a homomorphism, then ¢(S) is a zero-sum sequence if and only if
o(S) € Ker(y). We denote by g = poa: F(Gp x N) — F(G1) the unique homo-
morphism satisfying ¢((g,n)) = ¢(g) for all (g,n) € Gy x N. For the sum function
o: F(Gy) = G,wehavegop=00p=¢poa: F(GyxN)— Gj.

The greatest common divisor of sequences S, S’ € F(Gy) will always be taken
in the monoid F(Gy), and the sequences will be called coprime if ged(S,S’) = 1.
The greatest common divisor of types T, T’ € F(Gy x N) will always be taken in
the monoid F(Gy x N), and the types will be called coprime if ged(7,7") = 1.

Let 7: F(Go) — F(Go x N) be defined by

vg(S)

7(8) =[] 1I (9% € F(Go x N).

geGo k=1



1468 W. Gao, A. Geroldinger & Q. Wang

Thus 7 is a labeling function, and for S € F(Gp), we call 7(5) the type associated
with S. The map B8 = a|7(Go) : T(Gy) — B(Gp) is a transfer homomorphism
(see [14, Proposition 3.5.5]), and hence we have in particular that L(B) = L(7(B))
for all B € B(G*).

Narkiewicz constants. We start with the definition of the Narkiewicz constants
(see [14, Definition 6.2.1]). Theorem 9.3.2 in [14] provides an asymptotic formula for
the Fj(z) function — the Narkiewicz constants occur as exponents of the loglog
term — in the frame of obstructed quasi-formations (this setting includes non-
principal orders in holomorphy rings in global fields).

Definition 2.1. A type T' € F(G x N) is called squarefree if v, ,,(T) < 1 for all
(g,n) € G x N. For every k € N, the Narkiewicz constant Ni(G) of G is defined by

Nk (G) = sup{|T||T € T(G*) squarefree, |Z(T)| < k} € Ng U {o0}.

The labeling function 7 — defined as above — maps a sequence onto a squarefree
type, and the labeling is done in such a way to meet the requirements of the analytic
theory (see [14, Sec. 9.1]). For the combinatorial work on N (G), any other such
function — mapping a sequence onto a squarefree type — would do. For instance,
one could simply fix some indexing of the sequence T'= gy - ... - g; and then label
each g; with its index i, thus using the type (g1,1)-...-(gi,1). In other words, study
of the Narkiewicz Constants can be done by simply replacing the usual un-indexed
sequences with their natural indexed (i.e. ordered) counterparts. More formally, if
T and T’ are two squarefree zero-sum types with a(7T) = «(T”), then there is a
bijection from Z(T') to Z(T"), and hence |Z(T)| = |Z(T")|. In particular, we have

o |Z(T)] = |Z(r(a(T)))I-

o if "= (¢g1,a1) ... (g1,a;), where g1,...,q; € G® and a3,...,a; € N, and T =
(91,a1) - ...~ (g91,a1), where a1,...,a; € N are pairwise distinct, then |Z(T)| =
1Z(1T")]-

Thus we have
N (G) = sup{|T||T € 7 (G*®) has pairwise distinct labels and |Z(T)| < k}
€ Ny U {c0}.
If U € A(G®), then 7(U) has unique factorization, and hence we get
D(G) < N1(G). (2.1)

Let G=Cp, @& -®Cy,. with1l <ny|---|n, and let (e1,...,e,) be a basis of G
with ord(e;) = n; for all i € [1,7]. If

roon;

B= He?i, then 7(B) = H H(ei7k)
i=1

i=1k=1
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has unique factorization, and hence
> ni N3 (G) < No(G) < -+ (2.2)
i=1

In [32], Narkiewicz and Sliwa conjectured that N1 (G) equals the above lower bound
for all finite abelian groups. We will use the above chain of inequalities without
further mention and continue with a simple lemma needed in the sequel.

Lemma 2.2. Let G be an abelian group with |G| > 1 and let T € T(G®) be a
squarefree zero-sum type. Then the following statements are equivalent.

(a) [Z(T)| =1.

(b) IfU,V € T(G\{1} with T = UV, then S(U)N (V) = {0}.

(¢) IfU,V € T(G) with U|T and V' |T, then gcd(U,V') has sum zero.

(d) If U,V € A(T(Q)) are distinct with U |T and V' |T, then ged(U,V) = 1.

Proof. (a) = (b) Let T =U; -... - U, with r € N, Uy, ..., U, € A(T(G)), and let
U,V € T(G)\{1} with T = UV. Since T has unique factorization, there exists a non-
empty subset I C [1,r],say I = [1,q] with ¢ € [1,7—1], such that U = U;-...-U, and
V =Ugs1-...-Up. Assume to the contrary that there are U, U”, V', V" € F(G xN)
such that U = U'U",V = V'V" and 5(U") = 5(V") # 0. Then U'V", U"V' € T(G).
Since T is squarefree, factorizations of U'V” and U”V’ give rise to a factoriza-
tion of T' = (U'V")(U"V’) which is different from the factorization (Uy - ...- Uy)
(Ug+1 - .. Uy), a contradiction.

(b) = (¢) Let U,V € T(G) with U|T and V |T. We write T in the form
T = U'WV'X where W = ged(U,V), U, V', X € F(G xN), U = U'W and
V = V'W. Then —5(W) = 5(U") = 5(V') € S(U'W) N S(V'X) = {0}.

(¢) = (d) Let U,V € A(T (G)) be distinct with U | T and V' | T. Since ged(U, V)
has sum zero and divides the atom U, it follows that ged(U, V) = 1.

d) = (@) Let T = Uy -...- Uy = Vi ...V, where Uy,...,Up,Vi,...,V, €
A(T(G)). For every i € [1,7] there is a j € [1, s] such that ged(U;,V;) # 1, and
hence (d) implies that U; = V;. Thus r = s and, after renumbering if necessary,
U=V, forallie[l,r]. O

3. On a Variant of the Erd6s—Ginzburg—Ziv Constant

We introduce a variant of the Erd6s—Ginzburg—Ziv constant which will play a crucial
role for the investigation of N1 (G). We will outline the program of this section after
Definition 3.3.

Definition 3.1. Let G be a finite abelian group and g € G. Let n*(G) (respectively,
n,(G)) denote the smallest integer £ € No such that every squarefree type 7' €
F(G* x N) of length |T'| > ¢ (respectively, with sum o(T") = g) has two distinct
short minimal zero-sum subtypes which are not coprime.
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Let T be a squarefree type. When in the following we consider two subtypes with
special properties, then we always mean two distinct subtypes. The next lemma
shows that *(G) (and questions related to it) can also be formulated in the setting
of sequences. In what follows, we will use both languages (the language of sequences
and those of types), and always choose the one which is most convenient for the
particular situation. Although the proof of Lemma 3.2 is completely straightforward,
we give it in detail. It should help the reader to get acquainted with the definitions.

Lemma 3.2. Let G be an abelian group and g € G.

(1) For a squarefree type T € T (G*) the following conditions are equivalent.

(a) T has two short minimal zero-sum subtypes T1 and T» which are not
coprime, i.e. ged(Ty,Ts) # 1.

(b) «(T') has short minimal zero-sum subsequences Si and Sg with the following
properties:

e 51 and So are not coprime, i.e. ged(S1,S2) # 1;
e S1 = Sy implies that there exists some g € G such that 0 < v4(S1) <
vg(a(T)).

(2) n*(G) (respectively, n;(G)) is the smallest integer £ € No such that every
sequence S € F(G®) of length |S| > £ (respectively, with sum o(S) = g) satisfies
the properties given in condition (1)(b).

(3) n*(G) = sup{n;(G) | h € G}.

(4) Let T € T(G®) be a squarefree type that does not have two short minimal
zero-sum subtypes which are not coprime, and let s € Ny and Ty,...,Ts be
all short minimal zero-sum subtypes of T'. Then T can be written in the form
T=Ty...-Ts with Ty € T(G*), Ty, ..., Ts are pairwise coprime (in F(G*® xN))
and a(Tp),...,a(Ts) are pairwise coprime (in F(G®)).

Proof. (1) (a) = (b) Let T' = (g1,a1) - ... - (g1, 1) where l € N, ¢1,...,q1 € G°,
ai,...,a; € Nand (g1,a1),..., (g, a;) pairwise distinct. Let Iy, Iy C [1,1] such
that 71 = [[,¢;, (9x,ax) and To = []y¢y, (91, ax) have the required properties.
Since (g1,a1),- .-, (g1, a;) are pairwise distinct, it follows that 1 # ged (71, Ts) =
]_L\ehm2 (gx,ax). Since T and Ty are distinct, we get 1 NIe C I and I1 N1 C
Ir. Forv € [1,2], weset S, = [[¢;, 9» = (7)), and S = a(T). Clearly, S and
Sy are short minimal zero-sum subsequences of S and 1 # [[; 7, 91 divides
gcd(S1,.S2). Suppose that S; = So. Then there exist Ay € I1\ I, A2 € I)\I; and
g € G such that g = gy, = g»,, and it follows that 0 < v4(S1) < vg, (S1) +
V(gx2,ax2)(T2) < VQ(S)'

(b) = (a) The proof is similar.

(2) Since every sequence S is the image of a squarefree type under «, the assertion
follows from condition (1).
(3) The proof is obvious.
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(4) First one has to show that T3,...,T, are pairwise coprime, and then define
To=T(Ty - ...-Ts)~t. We outline only the details that a(Ty), ..., a(Ts) are
pairwise coprime (the coprimeness of 77, ..., Ts is even simpler). Assume to the
contrary that there are i,j € [0,s] with j < ¢ and g € G such that g|a(T})
and g | o(T}). Then there exist k,l € Nwith k # 1, (g,k)|T; and (g,1) | T;. This
implies that T} = (g,1)(g, k) ~*T; is a short minimal zero-sum subtype of T' with
T! # T; and |T;| > 2 implies that ged(7},T;) # 1, a contradiction. O

The requirement in Lemma 3.2(1) that the short zero-sum sequences T and T5
(respectively, the short zero-sum subtypes) are minimal is essential, as the following
example shows. Let (e, ea, e3) be independent with ord(e;) = ord(es) = ord(es) =
m < exp(G)/2. Then S = ef"ef el does not satisfy condition (1)(b), but S satisfies
a modified condition (1)(b) where the requirement of minimality is canceled (with
Ty = efelr and Tp = e"e}’). We recall the definition of the Erdés-Ginzburg—Ziv
constant and of two of its variants.

Definition 3.3. Let G be a finite abelian group and g € G. We denote by

e s(G) the smallest integer ¢ € N such that every sequence S € F(G) of length
|S] > ¢ has a zero-sum subsequence T of length |T'| = exp(G). The invariant s(G)
is called the Erdds—Ginzburg—Ziv constant of G.

e 7)(G) the smallest integer ¢ € N such that every sequence S € F(G) of length
|S| > ¢ has a short zero-sum subsequence (equivalently, S has a short minimal
zero-sum subsequence).

e g(@) the smallest integer £ € N such that every squarefree sequence S € F(G) of
length |S| > ¢ has a zero-sum subsequence T of length |T'| = exp(G).

Together with the Davenport constant D(G), the invariants s(G) and n(G) are
classical invariants in Combinatorial Number Theory (see [13, Secs. 4 and 5] for a
survey, or [3] for recent progress). By definition, we have

D(G) <n(G) <n*(G),

and Proposition 3.10 will show that n*(G) < co. A straightforward argument will
show that in the case of a cyclic group we have n§(G) = n*(G) = |G| + 1. The main
aim of this section is to study n*(G) for groups of the form G = C,, ®C,, with n > 2.
A simple example shows that n*(C,, ® C,,) > 3n+ 1 (see Proposition 3.10(2)), and
our conjecture is that

n(C,®C,) =3n+1 foralln>2.

We will show that it suffices to verify the above conjecture for primes, and that more-
over, for every m € N there is a multiple n € mN satisfying the above conjecture
(Theorem 3.15 and Corollary 3.16). The direct problem, to find the precise value
of n*(C,, ® C,), is intimately connected with the associated inverse problem which
asks for the structure of squarefree types T' € F(G*® x N) of length |T'| = n*(G) — 1
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that do not have two short zero-sum subtypes which are not coprime. We formu-
late a conjecture and a simple consequence, whose proof will be given right after
Corollary 3.11.

Conjecture 3.4. Let G = C,®C,, withn > 2 and let T € F(G®*xN) be a squarefree
type of length |T| = 3n. If T does not have two short minimal zero-sum sublypes
which are not coprime, then there exist a basis (e1,ea) of G and a1,a2 € [1,n — 1]
with ged(aq, az,n) =1 such that o(T) = efel(arer + azes)™.

Note that ord(aie; + aze2) = n if and only if ged(aq, as,n) = 1.

Lemma 3.5. Let G = C,, & C,, with n > 2, and suppose that G satisfies Conjec-
ture 3.4. Then

no(G) =n"(G) =3n+1 and n,(G) <3n forallgeG*.

In the present paper we will not work on the inverse problem, but focus on the
direct problem which is precisely what is needed for the subsequent investigation
of the Narkiewicz constant in Sec. 4. We have formulated Conjecture 3.4 because
it reveals the structural reason why 7*(C,, @ C,,) = 3n + 1 should hold true for all
n > 2. In general, the inverse problems are much harder than the direct problems:
even for groups of rank two, the inverse problem with respect to the Davenport
constant has been solved only recently with considerable effort (see [7, 35, 38]), and
the inverse problem with respect to the classical Erdds—Ginzburg—Ziv constant s(G)
is still open (see [13, Sec. 5.2]).

We gather the results on s(G), n(G) and g(G) which are needed in what follows.
The precise values of D(G), s(G) and n(G) (in terms of the group invariants) are
well-known, among others, for groups of rank at most two. We will use them without
further mention.

Lemma 3.6. Let G = C,,, ® C,, with 1 <nq|ng. Then
s(G)=2n1+2n2—3, n(G)=2n1+n2—2 and D(G)=n1+mny—1.

Proof. For the proof, see [14, Theorem 5.8.3]. |

We need the solution for the inverse problem with respect to the n(G)-invariant,
which is based on the recent characterization of all minimal zero-sum sequences of
maximal length over groups of the form C,, ® C,, with n > 2.

Lemma 3.7. Let G = C,, ® C,, with n > 2, and let S € F(G) be a sequence of
length |S| = n(G) — 1. Then the following statements are equivalent.

(a) S has no short zero-sum subsequence.
(b) There exists a basis (e1,e2) of G and some x € [1,n — 1] with ged(z,n) =1
such that

S = (erea(xe; + €))L
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Proof. The group G has Property B by [35], and hence it has Property C by [13,
Theorem 5.2.5]. Therefore the assertion follows from [13, Proposition 5.2.6], which
is based on [37]. O

The invariant g(G) was introduced by Harborth in 1973 for groups of the form
G = CJ (see [20]). If G = C%, then g(G) — 1 is the maximal size of a cap in AG(r, 3)
(see [2, Lemma 5.2] and also [9, Sec. 5.2]). In [11] it is conjectured that g(C), & C),)
is equal to 2n — 1 for every odd n > 3 and equal to 2n + 1 for every even n > 3, and
it is observed that these values are lower bounds. We will need the following result.

Lemma 3.8. Let G =Cp, & C, withp e P. If p <7 or p > 47, then g(G) = 2p— 1.
Proof. For the proof see [8, Theorem 5.1; 26, 27]. O

Lemma 3.9. Let G be a finite abelian group with |G| > 1, and let T = Uy -... U, €
T(G*®) be a squarefree type with r € N and Uy, ..., U, € A(T(G®)).

(1) If|1Z(T)| = 1, then [[;—, |Ui| < |G].

(2) Let S1,...,S: € F(G x N) such that Sy -...- St is a zero-sum subtype of T
and 7(S1),...,5(S:) are all non-zero. If |Z(T)| = 1 and by,...,by € N are
pairwise distinct, then the squarefree type (7(S1),b1) ... (T(St), bt) has unique
factorization.

(3) If T does not have two short minimal zero-sum subtypes which are not coprime
and |T| < 2exp(G) + 1, then |Z(T)| = 1.

Proof. (1) A special case was proved in [14, Proposition 6.2.6], and we follow the

lines of that proof. For every i € [1,r], we set U; = (g5,1,ai1) - -+ (Giyma» Qi)
where m; = |U;| > 2, and for all j € [1,m;], g;; € G and a; ; € N. In order to show
that mq - ... m, < |G|, we shall prove that the mj -...-m, elements

r l;

Zzgi,,\ where I; € [1,m;] for all i € [1,7]
i=1 A=1

are distinct. Assume the contrary. Then we may suppose that there exists some
r’ € [1,7] and ;,l} € [1,m;] such that I < ; for all ¢ € [1,], I} > ; for all
ier’+1,7], and

r l; r

Zzgi,)\ = Zégz)\

i=1 A=1 i=1 A=1

Then we have
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Since g € XUy - ... - Up) N E(Uprgq - ... - U), Lemma 2.2(b) implies that g = 0.
Then

l;

V= H H (gix,ain) | € T(G)\{1}.

i=1 \A=l/+1

If ‘/1 S A(T(G)) with (91711,(117[1) | V1 | V, then V1 75 U1 (because (91,1,a171) '|' V)
and (g1.,,a1,4,) | ged(Ur, V1), a contradiction to Lemma 2.2(d).

(2) Assume to the contrary that ((S1),b1) ... (G(St), bs) does not have unique
factorization. By Lemma 2.2(c), there exist I,J C [1,t] such that [];.;(7(S;), b;)
and [ [, ;(@(S;), b;) are zero-sum types, but ged([ [;c;(@(S:), bi), [[;c;(@(S:), b:)) =
[Licins(@(Si),b;) does not have sum zero. It follows that [, S; and [],.; S; are
zero-sum types such that ged([[,c; Si, [1;c; Si) = [liciny Si does not have sum
zero. Now Lemma 2.2(c) implies that |Z(T)| > 1, a contradiction.

(3) Assume to the contrary that |Z(T)| > 2. For v € [1, 2], let
2o =Up1-...- Uy, € Z(T) whereU,1,...,U,,, € A(T(G®)).

After renumbering if necessary, there is a uw € [0,71] such that Uy, = U, for
all v € [L,u| and Uy, # Uz, for all v € [u+ 1,r] and all v/ € [u + 1,72],
and that |Uzyq1] < -+ < |Uap,|. Note that r1 —u > 2, 7o — u > 2 and thus
|Uz,ut1| < ||T]/2] < exp(G). There are at least two indices j € [u+ 1, 7] such that
ged(Usz,ut1,U1,5) # 1. We pick a j € [u+ 1,7m] with this property for which |Uy ;|
is minimal, and thus it follows that |Uy ;| < ||T'|/2] < exp(G). Therefore, Uy ; and
Uy ,y41 are two short minimal zero-sum subtypes of 1" which are not coprime, a
contradiction. O

Now we are well-prepared for our investigations on n*(G).

Proposition 3.10. Let G = C,,, @& --- & C,, where r,ny,...,n, € N with 1 <
ny|- | ne.

(1) n5(G) <n*(G) <2n(G) =1 <2|G| - 1.
(2) Ifr > 2, then n*(G) > n§ )>lenl+nr+1
(3) Let g,h € G with ord(g) = ord(h) = n,. Then n;(G) = n;(G).

Proof. (1) By definition, we have n§(G) < n*(G), and [13, Theorem 4.2.7] shows
that (G) < |G|. Assume to the contrary that n*(G) > 2n(G). Then there exists a
squarefree type S € F(G*® x N) of length |S| > 2n(G) — 1 that does not have two
short minimal zero-sum subtypes which are not coprime. Let t € Ny and Sy,...,S;
be all short minimal zero-sum subtypes of S. Then Sy, ..., S; are pairwise coprime,
and thus S can be written in the form

S =5051...- 5 WithSoE]:(G.XN).
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For every v € [1,t] we choose an element g, € supp(S, ). Then the type So(g; *S1)

(g 1St) does not have a short minimal zero-sum subtype which implies that

t< (g7 S1) o (g7 "8y < [Solgr M S1) - (g7 M) < m(G) — 1,

and hence

|S| =1S0S1 - ...-Se| =t +[So(g;2S1) ... - (95 18¢)| < 2n(G) — 2.

a contradiction.

(2)

3)

Let r > 2, (e1,...,e,) be a basis of G with ord(e;) = n; for every i € [1,r], and
set eg = e1 + - - - + e,. The sequence

— ,n1 L el 1
S=el" ... e'¢]

has sum zero and precisely 7 4 1 short minimal zero-sum subsequences, namely
eft, ... e ey”. Using Lemma 3.2(2) we infer that nj(G) > |S| = Y._, ni+n,.
If o: G — G is a group isomorphism and g € G, then we obviously have
ny(G) = n;(g)(G’). Since ord(g) = ord(h) = exp(G), there exists a group auto-
morphism ¢: G — G with ¢(g) = h, and thus the assertion follows. O

Corollary 3.11. Let G be a finite abelian group with |G| > 1.

(1)
(2)

If G is cyclic, then n5(G) = n*(G) = |G| + 1.
If G is an elementary 2-group, then ni(G) = n*(G) = 2|G| — 1.

Proof. (1) Let G be cyclic of order n > 2 and g € G with ord(g) = n. Then the

sequence S = g™ has precisely one short minimal zero-sum subsequence, and
hence ng(G) > |S| = n. In order to show that n*(G) < n + 1, we choose a
squarefree type T € F(G® x N) of length |T| =n+1. Let t € Ny and Ay,..., A;
be all short minimal zero-sum subtypes of T'. Assume to the contrary that they
are pairwise coprime. By Lemma 3.2(4), S = a(T') can be written in the form

S = S9S1 ... S, where S; = a(T;) for all i € [1,¢] and Sy € F(G®) is
zero-sum free. For every i € [1,t] we choose an element a; € supp(S;). Then
S(ay - ...-a;)~1 is zero-sum free, and thus [14, Proposition 5.3.5] implies that

12(S(ar---ar) ") > [S(ar - ...~ a) " + [supp(S(ar - ... -ar)H)[ — 1
>n+1—t+t—1=mn,

a contradiction.

Let G be an elementary 2-group, set G* = {¢1, ..., g;} and consider the sequence
S =g?-...-g?. Then every short minimal zero-sum subsequence of S has the
form g? for some g € G*. Hence, by Lemma 3.2(2), we obtain that n;(G) >
|S| = 2|G| — 2. So the assertion follows from Proposition 3.10(1). O
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Now we can give the simple proof of Lemma 3.5.

Proof of Lemma 3.5. Assume to the contrary that n*(G) > 3n + 1. Then there
exists a squarefree type T of length |T| = 3n + 1 that does not have two short
minimal zero-sum subtypes which are not coprime. Clearly, the same is true for
gy 'T and g, 'T, where g1, g2 € supp(T), and hence the structural statement of
Conjecture 3.4 shows that there is an element g € G with v4(a(T)) > n+ 1. This
implies that condition (1)(b) of Lemma 3.2 is satisfied, a contradiction. Thus it
follows that n*(G) < 3n + 1, and using Proposition 3.10(2) we infer that

3n+1<n3(G) <n*(G) <3n+ 1.

Let g € G* and assume to the contrary that 7;(G) > 3n + 1. Then there exists a
type T € F(G* x N) of length |T'| = 3n and with ¢(7') = g that does not have
two short minimal zero-sum subtypes which are not coprime, a contradiction to the
statement of Conjecture 3.4. O

Next we show that for the first small primes we have ng(C, & Cp) = n*(Cp @
Cp) = 3p+ 1 (note that this is based on the deep and recent results formulated in
Lemmas 3.7 and 3.8). Whereas it would be possible to increase the list of primes,
the handling of the general case definitely requires a different method.

Proposition 3.12. Let G = C, & C, withp € P. If p <7, then n§(G) = n*(G) =
3p+ 1.

Proof. By Proposition 3.10(2) we have 3p + 1 < n§(G), and thus it remains to
show that n*(G) < 3p+ 1. Assume to the contrary that n*(G) > 3p+ 1. Then there
exists a squarefree type S =gy -...- g1 € F(G®* x N) of length |S| =1 =3p+1 that
does not have two short minimal zero-sum subtypes which are not coprime. Let
t € Ng and S1,...,S; be all short minimal zero-sum subtypes of S. Then S1,...,S;
are pairwise coprime, and thus S can be written in the form

S =5051...-5 WithSoE]:(G.XN).

For every v € [1,t] we choose an element g, € supp(S,), and we set [, =[S, |. After
renumbering if necessary we may suppose that l; < --- <[;, and we define

t
g=J[erm="r
v=1

Assume to the contrary that + < 3. Then S(g1 -...-g¢)~! has length at least
3p — 2, and hence by Lemma 3.6 it has a short minimal zero-sum subtype S’.
By construction, S’ is different from Si,...,S5;, a contradiction. Assume to the
contrary that t = 4. Then S(g1929394) " has length 3p — 3. Since S,...,S; are
all short minimal zero-sum subtypes of S, each two elements of a(S;) and a(S;),
i # j € [1,4], are distinct. Thus (S1525354(91929394) ') contains at least four
distinct elements and hence the same is true for a(S(g1929394)~'). Now Lemma 3.7
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implies that S(g1g29394) ! has a short minimal zero-sum subtype, a contradiction.
Therefore it follows that ¢ > 5.
Now we discuss the individual primes.

Case 1: p = 2. We obtain that 7 = 3p+1 = [S| > S'_ |Si| > 2t > 10, a
contradiction.

Case 2: p = 3. We obtain that 10 = 3p 4+ 1 = [S| > >.'_, S, > 10, which implies
that |S1] = --- = |Si| = 2 and | supp(ea(S))| > |supp(e(Sy - ...~ S¢))| > 10 > |G*|,
a contradiction.

Case 3: p = 5. We will apply repeatedly Lemma 3.9 (items (1) and (3), with
T=1l,c;5,U,=8,and I C[1,t]).

Assume to the contrary that 5| p£. Then l5 = 5 and 1 +la+13+14 < |S|—5 = 11,
and thus [y = 2. If 3| p&, then 24+ 3 +5 < 2exp(G) +1 and 2-3-5 > |G|,
a contradiction to Lemma 3.9. Thus 3 {p £, and the same argument shows that
44p £. Since ls + 135+ 14 < |S| =11 —l5 =9, it follows that Iy = I3 = 2. However,
li+1la+13+15 = 11 < 2exp(G) +1 and l112l3l5 > |G|, a contradiction to Lemma 3.9.

Assume to the contrary that 2 {p £. Since 3+3+3 < 2exp(G)+1and 3-3-3 >
|G|, Lemma 3.9 implies that 3% {z £ and hence 42 | p£. Again Lemma 3.9 implies
that 3-42 {r £. Therefore we get that I; = -+~ =I5 =4 and [; +---+15 = 20 > ||,
a contradiction.

Assume to the contrary that 3 tp £. Then ly,...,I5 € {2,4}. Lemma 3.9 implies
that 2 - 4% {p £. Thus we obtain that either £ = 25 or £ = 4 - 2% In each case
Lemma 3.9 yields a contradiction.

Summing up we know that 2-3| £ and that 5z £. Using Lemma 3.9 again we
infer that 33 { £ and that 2-42 { £. Thus v3(£) < 2, v4(£) < 1 and hence vo(L£) > 2.
Again by Lemma 3.9 we infer that 22 - 3% {x £ and that 22 -3 -4 {z £ which implies
that v3(£) = 1 and that v4(£) = 0. Therefore we obtain that 2*-3| p£, which again
is a contradiction to Lemma 3.9.

Case 4: p = 7. Again we apply Lemma 3.9. If ¢ > 6, then the proof is similar to
that of Case 3. Suppose that t = 5. If £ # 2% and £ # 2% - 3, then we obtain a
contradiction by Lemma 3.9. Thus we distinguish these two cases.
Case 4.1: [; = --- =[5 = 2. Since S does not have two short minimal zero-sum
subtypes which are not coprime we infer that
|supp(a(Sy - ... S5)) =]a(S1-...-S5)| =10 and
supp(a(St - ...+ S5)) Nsupp(e(Sp)) = 0.

Assume to the contrary that | supp(a(Sp))| > 3. Let Sj) be a subtype of Sy such that
a(S)) consists of three distinct elements. By Lemma 3.8, 5)5-. . .- S5 has a zero-sum
subtype T of length |T'| = 7. Therefore T has a short minimal zero-sum subtype T”
of length |T”| # 2, and hence T" is distinct from Sy, ..., S5, a contradiction. Thus
| supp(a(Sp))| < 2, and since Sy has no short zero-sum subtype, it follows that

a(Sy) =b5c5  with b,c € G°.
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We assert that S5S5y has a minimal zero-sum subtype S’ of length |S’| = 8. Suppose
this holds true. Then Iy +1lo+13+|5"| = 14 < 2exp(G)+1 and 11513|S"| = 64 > |G|,
a contradiction to Lemma 3.9.

To verify this assertion, we set a(S5) = (—a)a with a € G*. Since D(G) = 13,
the sequence ab®c® has a minimal zero-sum subsequence ab“c? with € € {0,1} and
u,v € [0, 6]. Since St, ..., S5 are all short minimal zero-sum subtypes of S, it follows
that

e+u+v=1a%"c"| >8 and hence u,v € [1,6].

Assume to the contrary that e = 0. Then b"~%“c”~" is a zero-sum subsequence of
becC. Since |b°c®| + [bT"4c"Y| = 14, it follows that b“c* or b"“c"~? has a short
minimal zero-sum subsequence, and by construction, the associated type differs
from Sy,..., S5, a contradiction. Thus we infer that e = 1. Then (—a)b’ “c’~"
is a zero-sum subsequence of (—a)bScS. Since |ab“c’| + |(—a)b”"“c"~¥| = 16 and
S1,...,S55 are all short minimal zero-sum subtypes of S, it follows that both, ab"c”
and (—a)b”~%c"~?, are minimal zero-sum subsequences of a(SyS5) having length 8.
Case 4.2: [} = --- =1y = 2 and l5 = 3. Then |S5] = 3. We set a(S5) = ajazas
with a1,a2 € G distinct, and let S§ be a subtype of S5 such that a(Sf) = ajas.
Since S does not have two short minimal zero-sum subtypes which are not coprime
we infer that

|supp(e (S« ... S45%))| = |a(S1 ...+ S4SL)| =10 and
supp(a(Sy - ... S45%)) Nsupp(a(Sp)) = 0.

As above we obtain that |supp(a(Sp))| = 2, and we set
a(Sy) = b°c®  with b,c € G*.

We assert that S55p has a minimal zero-sum subtype S’ of length |S’| € [8,9].
Suppose this holds true. Then l; + 1o + 15+ |S'| < 15 = 2exp(G) + 1 and l11215]5’| >
64 > |G|, a contradiction to Lemma 3.9.

Now we verify this assertion. Since D(G) = 13, the sequence ajazbSc® has a
minimal zero-sum subsequence

aita?b"c’  with €1,e2 € [0,1], u € [0,6] and v € [0,5].

If e1 + 2 +u+v <9, then the assertion follows. Suppose that €1 + €3 +u + v > 10.
Then u > 3 and v > 2. We distinguish four subcases.

Case 4.2.1: ¢ = €5 = 0. As in Case 4.1 it follows that b»c? or b"~“¢’~" has a short
minimal zero-sum subsequence, and, by construction, the associated type differs
from Si,...,S5, a contradiction.

Case 4.2.2: ¢ = 0 and €3 = 1. Then ajasb” “c’~? is a zero-sum subsequence of
ajazb®c®. Since |agb“c’| + |ajazb”"“c""?| = 17 and since Si,...,S5 are all short
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minimal zero-sum subtypes of .S, it follows that the shorter sequence of a2b*c” and
arazb”"“c"~? is a minimal zero-sum sequence of length 8.

Case 4.2.3: ¢; = 1 and €5 = 0. Similar to Case 4.2.2.
Case 4.2.4: ¢; = ¢5 = 1. Similar to Case 4.2.2. O

The following two lemmas constitute the essential tools in the proof of our main
result, which is Theorem 3.15.

Lemma 3.13. Let G = C,, ® C,, withn > 2 and let S € F(G® x N) be squarefree.
Suppose that one of the following two conditions holds:

(a) |S| > 4n—1 and there are two distinct elements g1, g2 € G such that vg, (ae(S))+
vea (@(9)) > 21,

(b) |S| > 4n and there are three distinct elements g¢1,92,935 € G such that
Vgi (@(5)) + Vg, (@(S)) 4 vgs ((5)) = 2n.

Then S has two short minimal zero-sum subtypes which are not coprime.

Proof. For every subsequence T of «(S), let e !(T) denote the corresponding
subtype of S. By Proposition 3.12 we may suppose that n > 4. Let ¢ € {2,3} such
that Zﬁ’:l vg, (a(S)) > 2n. We may suppose that |S| = 4n—¢ with ¢ € {0,1}, where
0 = 1 implies that v = 2. Let S1,...,.5; be all short minimal zero-sum subtypes of
S H:f’:l gu vor (9)  Assume to the contrary that S does not have two short minimal
zero-sum subtypes which are not coprime. Let W = a‘l(H:f’:l gxg”(a(s))). Then
supp(a(S;)) Nsupp(a(S;)) = 0 for all i # j € [1,¢],

Sy-...-8|SW™' and hence |Sy -... S| <2n—6.

For every v € [l1,t] we choose an element h, € supp(S,). Then S(g1
“...-gyh1-...-hy)7! has no short zero-sum subtype, and hence |S| -9 —t < n(G) =
3n—2. Since |S,| > 2 for all v € [1,], the inequality |.S;-...-S¢| < 2n—0 implies that
t < n—4. Thus we obtain that 3n—2 > |S|—-¢Y—t >4dn—5—¢— (n—9) = 3n—1p,
which implies that v =3, 6 =0, |S| =4n, |S|— ¢ —t = 3n — 3 and t = n. Since
supp(a(S1)), ..., supp(a(S,)) are pairwise disjoint, a(S(g193g3h1 - ... hn) 1) has
at least n > 4 distinct elements, a contradiction to Lemma 3.7. O

Lemma 3.14. Let G = Cyppy ® Crpy with m,n > 2, ¢ : G — G be the multiplication
by m, and S € F(G® x N) be squarefree. Let u € Ny and Sy,...,S, € F(G* x N)
with the following properties.

(i) Sy-...-8,]S.
(ii) For every v € [1,u],B(Sy) is a short zero-sum sequence over ¢(Q).
(iii) The sequencea(Sy)-...-a(Sy) € F(Ker(p)) has no short zero-sum subsequence.
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Let Ty and Ty be subtypes of S(Sy-...-Su)~t such that o(Ty) and ¢(T3) are short
minimal zero-sum types which are not coprime. Then one of the following three
conditions holds.

(a) The sequence &(T11)7(S1) - ... - 3(Sy) € F(Ker(p)) has no short zero-sum
subsequence.

(b) The sequence T(T5)a(S1) - ... - 7(S,) € F(Ker(p)) has no short zero-sum
subsequence.

(¢) S has two short minimal zero-sum subtypes which are not coprime.

Proof. Suppose that for A € [1,2], the sequence 7(7)7(S1)-...-7(S,) has a short
zero-sum subsequence. Then there exist, for A € [1, 2], subsets Iy C [1,u] with |I)|+
1 € [1,m] such that

T\Vy, where Vy = H S,
vely

are zero-sum types, and since

T)\HSV

vely

they are short. We assert that ged(Th V1, ToVa) ¢ T (G). In order to verify this, note
that by construction, we have ged(T;,V;) =1 for all 4, 5 € [1,2], and therefore

<n+ |Iyn < mn,

gcd(Tﬂ/l, TQ‘/Q) = ng(Tl, TQ) ng(‘/l, VQ)
Now we obtain that

ged(Vi,V2) = [[ Svs Top(eed(Vi, Vo)) = D 7op(S,)

veliNlz veliNlz
= E g O@(Sl/) — O
veliNla

and hence
¢ o (ged(T1Vi, TaVa)) = T o p(ged(T1V1, T2V2)) = T o p(ged (11, Tz))
=G (ged(e(Th), ¢(T2)) # 0.

Therefore, ged(T1 V1, ToVa) ¢ T(G), and hence there exist minimal zero-sum sub-
types Wi | T1 Vi and Wa | T2 Va such that ged(Wy, Wa) # 1. Since |[W)\Vy| < [ThVy] <
mn for A € [1,2], it follows that W3 and W5 are short. O

Now we formulate the main result of this section. It shows that, if n*(C, ®C)) =
3p -+ 1 holds for all primes, then n*(C,, ® C,,) = 3n+ 1 holds for all positive integers
n > 2. Moreover, Corollary 3.16 shows that every integer m € N has a multiple
n € mN satistying n*(C,,®C,,) = 3n+1. We will make substantial use of Lemma 3.7.
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Theorem 3.15. Let G = C,py @ Copy with myn > 2.

(1) Suppose that n*(Cy, & Cp,) = 3m + 1.

(a) If n*(Cp & Cp) = 3n+1, then n*(G) = 3mn + 1.
(b) If ged(6,m) =1 and n = p € P with m > #, then n*(G) = 3mp + 1.

(2) If 5 (Crm @ Cr) =3m+ 1 and n5(Cp, @ Cy) = 3n+ 1, then n5(G) = 3mn + 1.

Proof. The proof of (2) runs along the same lines as the proof of (1)(a). Thus we
show only (1).

(1) By Proposition 3.10(2), it suffices to prove that n*(G) < 3mn + 1. Let
S € F(G* x N) be a squarefree type of length |S| = | = 3mn + 1, which has
pairwise distinct labels. We have to show that S has two short minimal zero-sum
subtypes which are not coprime. Let ¢:G — G denote the multiplication by m.
Then Ker(p) = C2, and ¢(G) = mG = C2.

Weset S=g¢1-...-¢g;, wherel € Ny and g1,...,9; € G* x N, such that for some
t € [0,1] we have §(g;) = 0 for all ¢ € [1,t] and B(g;) # 0 for all ¢ € [t + 1,1]. If
t>3m+1=n"Ker(p)), then g1 - ... g € F(Ker(p) x N) has two short minimal
zero-sum subtypes which are not coprime. So we may suppose that ¢ € [0, 3m].

Let » € Ny and let By,..., B, be all short minimal zero-sum subtypes of
g1 - ... g¢. If two of them are not coprime, then we are done. Otherwise,
By-...-B.|gi-... g+ and for every v € [1,7] we choose an element 7, € supp(B,).
It follows that g1 -...-g¢(71-...-7) "' has no short zero-sum subtype. Since |B,| > 2
for all v € [1,7], we infer that r <t/2. Let ug = g1 - ... - ge(m1 ... -7) L=t —r.
After renumbering if necessary we may assume g1 ... guo = g1--- - ge(11+ .- 7) 7L
We set

S, =g, forevery v € [1,up], and note that ug € [¢/2,t]. (3.1)

(1)(a) Let u; € Ny be maximal such that there are types Syo4+1,-- - Sugtus €
F(G* x N) with the following properties.

e S1. .. Suptu | S

e For every v € [1,ug + u1], (S,) is a short zero-sum sequence over ¢(G).

e The sequence 7(S1) - ... - 0(Sug+u,) € F(Ker(yp)) has no short zero-sum
subsequence.

Lemma 3.6 implies that n(Ker(¢)) = 3m — 2 and hence ug + u; € [0,3m — 3]. Note
that the number of nonzero terms in B(S(S1 - ... Sug+u,) 1) is equal to

|S(gl 'gt)il(su(H“l . ""Su0+u1)71|
>l—t—(3m—-3—ug)n
>3mn+1—38m—3)n+un—1t>3n+1

Since n*(p(G)) = 3n+1, there are subtypes T} and T» of S(S;-...-S,) ! such that
o(Th), o(Tz) € F(p(G)* x N) are two short minimal zero-sum types which are not
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coprime. Since u; is maximal, Lemma 3.14 implies that S has two short minimal
zero-sum subtypes which are not coprime.

(1)(b) The proof of (1)(b) uses the same ideas as the proof of (1)(a). But since
it is of higher technical complexity we discuss its strategy before going into details.
We will always use Lemma 3.14 which requires the construction of an integer u € Ny
and of types S1,...,.5, satisfying the given conditions. In order to obtain the types
Ty and Ty we proceed as follows. We have to find a subtype T of S(Sy-...-S,)"!
such that p(T) € F(¢(G)® x N) has two short minimal zero-sum subtypes which
are not coprime. This is guaranteed in each of the following cases.

o |o(T)| > n*(¢(G)). Note that ¢(G) = C, @ C,, and that by Lemma 3.6 and
Proposition 3.10(1), n*C, @& Cp) < 6p — 5.

e There is an element a € ¢(G)® such that v, (@(7")) > ord(a) = p.

e The group ¢(G) and the type ¢(T') satisfy the assumptions of Lemma 3.13.

e The sequence B(T) has a short minimal zero-sum subsequence £i'¢52¢53, and

§f1§§2 §§3+1 is also a subsequence of B(7T').

We will proceed by constradiction, and hence during the constructions we can
alwayss assume that a given subtype ¢(T) € F(¢p(G)® x N) does not have any
of the above properties. In particular, Lemma 3.14 is used as follows: since con-
dition (c) in Lemma 3.14 does not hold, we obtain (step by step) types satisfying
conditions (i)—(iii) in Lemma 3.14.

Now let ged(6,m) = 1 and let n = p be a prime with m > 33p3/4. By (1)(a)
and Proposition 3.12, we may suppose that p > 11, and we assume to the contrary
that S does not have two short minimal zero-sum subtypes which are not coprime.
We set

W=5(g-....g)"" and B(W)=¢el"-... €}, (3.2)

where e, ..., e € ¢(G) are distinct and 71, ..., € N. For every i € [1, k], let W,
denote the subtype of W with B(Wr,) = e;’. After renumbering if necessary there is
some f € [0, k] such that r; > (6p—6)(p—2)+1fori € [1, fland r; < (6p—6)(p—2)

for every i € [f + 1, k]. We continue with the following assertion.

Assertion Al. [ > 2.

Proof of Assertion Al. By rearranging if necessary we may assume that r; =
max{r; |7 € [1,k]}. We assert that r1 < 2mp + 2m — 4. If this holds, then

[S] =t = ve, (®(W)) - 3mp—+1—3m— (2mp+2m —4)
lp(G)\{0,e1}]  — p?—2
> (6p—6)(p—2)+1,
and hence f > 2. Assume to the contrary that vy > 2mp + 2m — 3. Then W,, =

(g+h1)-...-(g+hy) where g € G x N with B(g) = e1, h1, ..., h, € Ker(¢) x N and
v >2mp+2m — 3. Let Uy, ..., U, be all short minimal zero-sum subtypes of W, .

max{r; |i € [2,k]} >
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By our assumption on S, they are pairwise coprime and hence Uy - ... Uy | W,,.
For every v € [1,/], we choose an element z,, € supp(U,), and clearly we have
|U,| > 2 which implies that ¢ < lWQA Then W, (z1 - ... z¢)~! has no short zero-
sum subtype, and |We, (z1 ... 2¢) " > v/2 > mp+m — 3/2. After renumbering if
necessary, we may assume that We, (x1-...-2¢) "t = (g+h1) ... (g+hy—¢). Note
that v — ¢ > mp +m — 3/2 > 4m — 3. Since, by Lemma 3.6, s(Ker(y¢)) = 4m — 3,
the type hq - ... h, € F(Ker(p) x N) may be written as

hivoo by =Vie. Vo aV/,
where V', Vi,...,Vap_1 € F(Ker(p) x N) and, for every v € [1,2p — 1], V,, has sum

zero and length |V,,| = m. Furthermore, we suppose that Vi | hy - ... hy—p. We set
Wi =[1"_,(g+V,) and Wy = (g + V1) H,Q,i_pil(g + V). Note that
p 2p—1
F(Wh) = mpa(g) + Y 7(V,) = 0=mpa(g) +5(Vi) + Y (Vi) =5(Wa),
v=1 v=p+1
and that g + Vi = ged(Wy, Wa). Since g + Vi | We, (21 - ... - 2¢) 71, it follows that
g+ Vi is zero-sum free. Therefore, there exist two short minimal zero-sum subtypes
Ty and Ty, T | Wh and Ty | Wa, which are not coprime, a contradiction. O
We set
f k
w'=][w., W”= ][] W.. andthen W =W'W". (3.3)
i=1 i=f+1

Case 1. There exist distinct 7,5 € [1, f] such that the sequence e _161;_1 has a
short zero-sum subsequence.

After renumbering if necessary, we may suppose that i = 1 and j = 2 . A short
zero-sum subsequence of e/~ "eb ™! over p(G) = C, ® C, must be the form e ef?
with €1,e2 € [1,p— 1] and €; + €2 < p. Moreover, if €; + €5 = p, then it follows that
€1(e1 — e2) = 0 and hence e; — e3 = 0, a contradiction. Thus €; + €2 < p.

Let u; € Ny be maximal such that there exist types Sug+1,-- -, Sug+u, With the

following properties.

° Suo+1 et Su0+u1 |W61 WEz'

e For every v € [1,u1], B(Sugtr) = €1 €22 .

e The sequence T(S1) - ... T(Sup+u,) € F(Ker(yp)) has no short zero-sum
subsequence.

We consider the type
WO = W(Su0+1 R Su0+u1)_1 = S(gl taea gtSuO—i-l f et Suo—i-ul)_l-

First, suppose that min{ve, ((Wp)), Ve, (@(Wp))} > p — 1. Then there are types
Ty, T dividing Wy such that ¢(71) and ¢(75) are two short minimal zero-sum types
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which are not coprime. Thus Lemma 3.14 implies that S has two short minimal
zero-sum subtypes which are not coprime, a contradiction.

Thus from now on, we may suppose that min{ve, (B(Wp)), ve, (@(Wo))} < p—1.
We obtain that
- min{ve, (BW)), ve, W)} — (p — 2)

w > 2(6‘29—6)(17—2)“—(29—2)

max{ey, €2} p—2

> 6p — 7.

Let us € Ng be maximal such that there exist types Sug+ui+1s- -« Sug+ui+us With
the following properties.

—1
® Dugtui+1 ""'Su0+u1+u2 |S(Sl ""'Suo-i-ul)

e For every v € [1,us], B(Sug+u,+v) 18 a short minimal zero-sum sequence over
o(G).

e The sequence G(S1) - ...  T(Sugtus+us) € F(Ker(y)) has no short zero-sum
subsequence.

Since n(Ker(p)) = 3m —2, we infer that ug+u; +us < 3m—3. Since |Sy4v] <p—1
for each v € [1,u;] and u; > 6p — 6, we obtain that

1S(g1 -+ 96Suo41 -+ Sugtus Suotur 41+ - * Sug s tus) |
>3mp+1—t—(3m—3—ug)p+6p—06
>3mp+1—(3m—3)p+6p—62>6p—5.

Again by using Lemma 3.14 we infer that .S has two short minimal zero-sum sub-
types which are not coprime, a contradiction.

1 p—1
b= p has no short zero-sum

Case 2. For every distinct 4, j € [1, f] the sequence e}
subsequence.
We continue with the following four assertions on the structure of the types

W\ We,.

Assertion A2. Let i € [1, k] with r; > p + 4. Then |supp(a(We,))| < 4.
Assertion A3. Let i € [1, k] with 7; > p + 4. Then |supp(a(We,))| < 3.
Assertion A4. Let i € [1,k] with [W,,| > p+4. Then We, = &1+ ... - & WY

where a(f 71) =a(&w)=¢& € G and [W/| < 4.
Assertion A5. |supp(o(&) (§§))| > 3.

Proof of Assertion A2. Assume to the contrary that | supp(a(We,))| > 5. Let
x1, X2, T3, T4, T5 € supp(We,) such that a(zq),. .., a(xs) are pairwise distinct, and
let Z be a subtype of W, (z122232475) " with |Z] =p — 1. We set

Wi =Wlem(zy ... 252, Wo, ,We,)™! and W = WW;*
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Let u; € Ng be maximal such that there exist types Suo+1, ..., Sug+u, With the
following properties.

® Sugt1 - Sugtuy | Wi

e For every v € [1,u1], P(Suy+v) is a short minimal zero-sum sequence over ¢(G).

e The sequence T(S1) - ... T(Suy)T(Sug+1) * - -+ - 0(Sug+u,) € F(Ker(p)) has no
short zero-sum subsequence.

If [W1(Sugt1 -+ Sugtuy) 1| = 6p — 5, then S has two short minimal zero-sum
subtypes which are not coprime, a contradiction. Thus we may assume that

W1 (Sugs1 - Sugtu,) | < 6p— 6.

Write W] = (1-...-252)TWs, where T is a subtype of W] with B(T") = ei %e3? .
Now we apply (step by step) Lemma 3.13(a) (to the group ¢(G) and some types

UV with U |Wa, V| Wi(Sug41 * - = Sugtuy) 5 |V] = 2p — 1 and B(U) = efeb)
and Lemma 3.14 to obtain a maximal uy; € Ny such that there exist types
Suotur+1s- -+ s Sug+ur+us With the following properties.

° Suo+u1+1 et Suo+u1+u2 | W2W1(Suo+1 et Suo-'rul)_

e For every v € [1,us], ©(Sug+u,+v) is a short minimal zero-sum sequence over
e(G).

e For every v € [l,uz), ged(Sugtustv> Wi(Sug+1 = «-+ * Sugtuy) 1) # 1 and
ng(SUO"FUl“’V? WQ) 7é 1.

e The sequence T(S1) ... T(Suy)T(Sug+1) * - - -+ T (Sugt+us+us ) € F(Ker(p)) has no
short zero-sum subsequence.

Let W{" (vespectively, W4') be the remaining subsequence of Wi (Sy,,+1 -
Sug+uy) L (vespectively, Wa) after the construction of these S, with v € [ug +u1 +
1,uo + uy + ug). Then,

1 1"yxs1"
WoWi (Sug+1 -+ -+ Sugtus = Suotur41 - Sugtur+us Wi Wy'.

)"
Clearly, max{ve, (Z(Sy)), Ve, (®(Sy))} < p— 2 holds for every v € [ug + u1 + 1, up +
ut + us). But min{ve, (Z(Wa)), Veu (W)} — (p — 1) = min{r |3 € [1, f]} — (4p -
6)—(p—1) =2 @6p-6)p—2)+1-4p—-6)—(p—-1) > Up-4)p-2) =
(IW1(Sug41 - - -+ Sugrus) " — (2p — 2)) (p — 2). These show that if [W{'| > 2p — 1,
then the construction of S, in the way above could be continued, a contraction to
the maximality of us. Hence,

Wyl < 2p—2.

Let u3 € Np be maximal such that there exist types Sug+ui+ustiy---»
Suo+ui+ustus With the following properties.

1"
b Suo+u1+u2+1 Tt Su0+u1+u2+u3 | wy'.
e For every v € [1, us|, B(Sug+ui+us+v) is & short minimal zero-sum sequence over

¢(G).
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e For every v € [17u3]7 @(Suo+u1+u2+1/) € {6%612)}'
e The sequence G(S1) ... T(Suy)T(Sug+1) - - - T (Sugt+urtustus) € F(Ker(p)) has
no short zero-sum subsequence.

We set

" 1" —1
W2 = W2 (SU0+U1+U2+1 Ceel Su0+ul+u2+us) .

If max{ve, (W), Ve, @(W2"))} > p+ 1, then S has two short minimal zero-
sum subtypes which are not coprime, a contradiction. Thus we obtain that
max{Ve, (F(W4")),ve, @(W4"))} < p, which implies that |[W}"| < 2p. Now we have
that
1 1"

o + ur + uz +uz > up + 15— ¢ = [W,"I = |W1]|3_ Plfon:casZl gy
Since 7(S1) - ... - T(Suy)T(Sup+1) * -+ - T(Suptur+ustus) € F(Ker(p)) has no
short zero-sum subsequence, we infer that |supp(a(S1) - ... 7(Su,)T(Sug+1) « - - - -
T(Sup+ui+us+us))| = 3, and we can choose three distinct elements o, 8,7 in this
set. Since the elements a(z1 + 0(Z)),...,a(xs + o(Z)) are pairwise distinct, we
may assume — after renumbering if necessary — that a(z1 +0(2)), a(z2+0(2)) &
{a, 8,7} Since 21 Z and z2Z are two short minimal zero-sum subtypes over ¢(G) =
Cp ® C), and S does not have two short minimal zero-sum subtypes, so we may
assume that the sequence (S1)-. .. T(Su, )T (Sug+1) - - - T (Sup+us +ustus )0 (212) €
F(Ker(p)) has no short zero-sum subsequence. Now we have

[supp(a(S1) - - -+ - T(Sug )T (Sug+1) - -+ T(Sugtur +ustus JT(212))] = 4,

and we set Sy, +u;+ustus+1 = T12.
Again we apply (step by step) Lemma 3.13 (to the group ¢(G); note that

611171612171 has no short zero-sum subsequence) and Lemma 3.14, to obtain a maximal
ug € Np such that there exist types Sugtui+ustust2y - - - s Suo+us+ustus+us With the

following properties.

/1 "
b Su0+u1+u2+u3+2 R Suo+u1+u2+u3+u4 |TW2 1 (l‘2$3l‘4$5).
e For every v € [2,u4], P(Suo+us +ustus+v) 18 a short minimal zero-sum sequence
over ¢(G).

e For every v € [2,u4], gcd(Sugtus+ustustr, Wi (xexszazs)) # 1 and
ng(Su0+u1+u2+u3+VaTW2W) 7é 1.

e The sequence 7(S1) - ... 7(Suy )T(Sugt1) * - - - T(Suptuy+ustus+us) € F(Ker(p))
has no short zero-sum subsequence.

Let T’ (vespectively, W{”) be the remaining subtype of TWJ’ (respectively,
W' (zowsx425)) after the construction of these S, with v € [ug + uy + us + us +
2, up + uy + uz + uz + uy]. Then,

1 1" /! 1"
TW2 1 (1’22331’41’5) = Su0+u1+u2+U3+2 el Su0+u1+u2+u3+U4T Wl .
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Obviously, for each v € [1,u}] we have

max{vel (@(Suo+u1+u2+u3+u))7veg (@(Su0+u1+u2+u3+V))} <p-— 2.

Note that B(T") = e}’ %es? %, B(T") = eSed, and similarly to the argument for W}’
we may assume that |[W{"| < 2p — 2. Let us € Ny be maximal such that there exist
tYDPES Suptus+ustustus+ls -« Ougtus +ustustus+us With the following properties.

° Suo+u1+u2+u3+u4+1 et Suo+u1+u2+u3+u4+u5 |Tl'

e Forevery v € [1, us], P(Sug+us +us-+us+us+v) 1S a short minimal zero-sum sequence
over o(QG).

e For every v € [17u5]7 @(Su0+u1+u2+u3+u4+u) € {611)’ eg}

e The sequence T(S1) ...  T(Suy)T(Sug+1) “ -+ T(Suptustustustustus) €
F(Ker(p)) has no short zero-sum subsequence.

We set

1" / —1
" =T (Su0+u1+uz+u3+u4+1 el Su0+u1+u2+u3+u4+u5)

Since S does not have two short minimal zero-sum subtypes which are not coprime,
we infer that max{ve, (B(T")),ve, (@(T"))} < p and hence |T”| < 2p. Since
[W{"T"| < 4p — 2, it follows that

U + U1 + u2 + uz + uUg + us
S| —t—|wT” 3m 1—-t—4 2
S| Wi |>U0+ D+ D+

> up + =
p p
Cgm o4 WP TS gy 2R
p
Now we have
|supp((S1) - - - - 7(Sue )T (Suo+1) * - - -+ T(Sugtus +uatustuatus )| = 4,
and
[G(S1) .- T(Suy)T(Sug+1) - - - - - T(Sup+us +us+us+ustus )| = 3m — 3.
Thus Lemma 3.7 implies that the sequence
7(51) - - 0(Sug)T(Sug+1) * - - -+ T(Sugtur +ustus+us+us)
has a short zero-sum subsequence, a contradiction. O
Proof of Assertion A3. By Assertion A2 we have |supp(a(We,))| < 4, and
hence there exists some element y € G with v, (a(We,)) > 1’%4 > 3. Assume to

the contrary that | supp(a(We,))| = 4, and let y1,y2,y3, ya € supp(We,) such that
a(y1),...,ays) are pairwise distinct, and let ¢’ and y” be two distinct elements
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of We, (y192y3y4) "1 with a(y') = a(y”) = y. We can simply repeat the proof of
Assertion A2: we only have to replace the sequence T1 . .oowsZ by yr...oyaZ'y'y”,
where Z' is a subtype of W, (y1 - ... yay'y”) ! of length |Z'| = p — 2. D

Proof of Assertion A4. By Assertion A3 we have |supp(a(We,))| < 3, and
hence it suffices to prove that there exists at most one element z € G°® x N
with Vo) (e(We,) > 3. Assume to the contrary that there are two elements z;
and zp such that a(z1) and a(zz) are distinct and vo(z,)(We,) > Va(zy)(We,)) >
3. Let 21,z2{,25, 25 be four distinct elements of W, (z120)" 1 with a(z]) =

a(z!) = a(z) and a(zy) = a(zl) = a(z). Since ged(m,6) = 1, the sums
T(z1212Y),0(2127 22),5(212225) and T(22242Y) are distinct. Let 2/, 2" be two dis-
tinct elements of W, (212127 ZQZéZé/) ! with a(z’) = a(z”). Let Z" be a sub-
type of We, (z1212) 222525 2'2")~1 of length |Z"| = p — 4. Considering the type
212528 20228 2' 2" 7" instead of xy -...- x5Z, we can derive a contradiction as in
the proof of Assertion A2. O

Proof of Assertion A5. By using Lemma 3.14 repeatedly to the type
Hzf:l I1,% &, we find a maximal w € Ny such that there exist types T1,. .., T,
with the following properties.

Tooo T | T T G

For every v € [1,w], §(T}) is a short minimal zero-sum sequence over ¢(G).
For every v € [1,w], a(T}) € {¢7,. ... &F}.
The sequence 7(T1) - ...-7(Tw) € F(Ker(p)) has no short zero-sum subsequence.

We set R = [T, 1%, & (T1 - ... - Ty) ™', and observe that ve, (a(R)) < p for
every i € [1, f]. Therefore,

1S] =t = | TIi jy We,| = | TIZ, WY = fp
p
- 3mp+1—3m—(p*—1—f)(6p—6)(p—2)—4f — fp
- p

33
> 2m — 1. <Here we need that m > Tp )

Since o(T1) - ... - 7(Ty) € F(Ker(p)) has no short zero-sum subsequence, we obtain
that

|supp(o(§7)o(&3) - .. - o(€7)] = 3. O

Now we continue our proof by using the structural information obtained in
Assertions A2—-A5. We do not use any of the notations introduced in the proofs of
Assertions A2-A5, but continue with the setting of (3.1)—(3.3).
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After renumbering if necessary, we may suppose that o(&7), o(€) and o(&5) are
distinct. Let u; € Ny be maximal such that there exist types Sug+1,-- - Suo+us
with the following properties.

d SU0+1 et SU0+U1 | H§:4 Wei'

e For every v € [1,u1], §(Suy+v) is a short minimal zero-sum sequence over ¢(G).

e The sequence T(S1) - ... T(Suy)T(Sug+1) * -+ - 0(Sugtu,) € F(Ker(p)) has no
short zero-sum subsequence.

We set

k
Q=[] We(Sugt1- - Suptu,)”"  and obtain that |Q[ < 6p — 6.

i=4

We distinguish two cases.

Case 2.1: ¢ 'eb el € F(¢(G)) has no short zero-sum subsequence. We set

a(@) =61 -...-0,, with us = |Q| < 6p — 6. Since n(C, & C,) = 3p — 2, for
every v € [1,us], the sequence e?~'eb "¢t 7', has a short zero-sum subsequence
containing #,. Since each of r1, 79,73 is greater than or equal to (6p —6)(p —2) + 1,
we find (by using Lemma 3.14 step by step) ug types Sugtus+1, - - - » Sug+us+us With

the following properties.

o Su0+u1+1 Teet Su0+u1+u2 | QW61W62W€3'

e For every v € [1,us], ®(Sug+u,+v) is a short minimal zero-sum sequence over
e(G).

e For every v € [1,u32], 0, | P(Sug+uy+v) |611)_1612)_16§_19V.

e The sequence T(S1) - ... - T(Suy)T(Sug+1) * -+ * T(Suptus )T(Sugtuy+1) * -+ *
T(Sup+uy+us) € F(Ker(p)) has no short zero-sum subsequence.

We set Q' = QWe, We, Wey (Sugtugt1 " - - - * Sugtus+us) +- Let ug € Ng be max-
imal such that there exist types Sug+ui+us+1s-- - s Suo+ur+us+us With the following
properties.

° Su0+u1+u2+1 Tt Su0+u1+u2+u3 | Ql'

e For every v € [1, us|, B(Sug+ui+us+v) is a short minimal zero-sum sequence over
e(G).

e For every v € [1,U3], @(Su0+u1+U2+l/) € {611)7 612), eg}

e The sequence T(S1) - ... T(Suy)T(Sug+1) * -+ * 0(Sup+uy )T(Sug+ur+1) -
T(Sup+uy+ustus) € F(Ker(p)) has no short zero-sum subsequence.

We set Q" = Q' (Sugtuy+us+1 " - -+ Sugtus+ustus) - and observe that

max{ve, (B(Q")), ves (B(Q")), ves (B(Q"))} < p,
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which implies that |Q”| < 3p. Therefore,

S| -t — Q"]
p

Ug + U1 + u2 +uz > ug + > 3m — 2 = n(Ker(yp)),

a contradiction.

Case 2.2: e/ 'eb b € F(p(@)) has a short zero-sum subsequence. Let €4 e?ef?

. —1_p-1_p-1
be a short minimal zero-sum subsequence of e} e~ "ef ™", where £1,05,03 € N —

recall that el 7le§71 has no short zero-sum subsequence for i,j € [1,3] — and
0+ Lo + L3 € [3,p]. According to Assertion A4 we have We, = &1 ... & w, W/
where |[W/| < 4.

Applying Lemmas 3.13 and 3.14 to the types @ and [} f S0 | by e,
we find (step by step) a maximal uy € Ny such that there exist types
Suotur+1s- -+ > Sug+us +us With the following properties.

‘ ‘
® Ougtur+1 " ---" SUO+U1+'U.2 | Q le ! fl v sz ’ 52 v
e For every v € [1,us], B(Sug+u,+v) 18 a short minimal zero-sum sequence over
o(G).
e For every v € [1,usz], gcd(Sug+u;+v, @) # 1.
e The sequence 7(S1) - ... T(Suy)T(Sug+1)T(Sugtur+1) * -+ * T(Sugtus+us) €
F(Ker(y)) has no short zero-sum subsequence.

After the construction of these S, for v € [1,uz], let Q", W/ and W/ be the
remaining subtypes of Q, [[2] —h &, and []027 2 &2, respectively. Then,

w1 —L wa—L2

Q H gl,l/ H 52,11 (Suo+u1+1 et Su0+u1+u2)71 = Q/Wellwelg'
v=1 v=1

We set

w3—£3—1

Wég, = H f3,u~
v=1

Observe that |Q'| < 2p — 2.
Applying Lemma 3.14 to W, W/ W/

o5 We find (step by step) a maximal uz €

Ny such that there exist types Su0+u1+u2+17 v ooy Sup+us+us+us With the following
properties.
® Ouptuitus+l ---" Su0+u1+u2+u3 | Wél Wé2 Welg

e For every v € [1,us], B(Sug+ui+us+v) is @ short minimal zero-sum sequence over
p(G).

e For every v € [1,us], @(Sugtus+ustv) € {&7, &5, Y.

e The sequence G(S1) - ... T(Suy)T(Suo+1)T (Suo+ur+1) * - - - * T(Sug+us +ustus) €
F(Ker(y)) has no short zero-sum subsequence.
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We set

-1
QH = (Well Wé2 Wég (SUO+u1+u2+1 et Suo+u1+U2+u73) )

.Oﬁ<wg 10 §m>>w§ M &

i=1 v=w;—L;+1 v=ws—Lls
and observe that, for i € [1,2],
Ve, (P(Q") Sp+li+4 and ve,(p(Q) <p+Li+5,
which implies that
Q"] < 4p+13.

Now we have

Ve VI Ve Vi
S|t 1QT-1Q" _ 4

U +ur + up +uz > ug + » =1,
and we set
ug =3m —3 — (up +u1 +ug +ug) € [0,3].
Using Lemmas 3.13 and 3.14, we find types Sug+uy+tustus+1s- - s Do+ +us-+us-tus

with the following properties.

el
b Suo+u1+u2+u3+1 et Su0+u1+u2+u3+u4 | Q Q :
For every v € [1,u4], B(Sug+us+us+us+v) 1S a short minimal zero-sum sequence

over ¢(G).

0y plo oL,
® a(Su0+u1+u2+u3+1) = 1l 22 33'
e The sequence 7(S1)- ... - T(Suy)T(Sup+1)T (Sugturi+1)° - - - *T(Sup+us+ustus+us) €

F(Ker(p)) has no short zero-sum subsequence.

By definition of uy, we have ug + w1 + us + uz + ug = 3m — 3, and thus Lemma 3.7
implies that

G(S1) - T(Sug)T(Sug+1)T (Sugtur+1) * - - - - T(Sugtus +ustus+us)
= (p&)™ " (pa) ™ (p&s)™ .
It follows that 7(£i €52¢5%) = pe. for some € € [1,3], and we set
T(S1) .. T(Sug)T(Sug+1)T(Sugtur+1) « -+« - T(Sug-+tus+us)
= (p€1)** (p€2)™ (p€3)™,

and

E(Suo+u1+u2+1) et E(Suo+u1+u2+u3) = (pfl)tl (p§2)t2 (p§3)t3'
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Then s. +t. > m —1 —uy > m — 4, and we set v = v (a(W/_)). Now by the

construction of the types Sug+ui+ustis-- - Sug+us+ustus We deduce that
v —p—1¢
Se + S —— +1>m —4.
p
In a further step, instead of constructing Sug+ui+us+1s-- - s Swo+us+ustus, W apply

Lemma 3.14 to W/ W/ W/ and find a maximal w € No such that there exist types
Vi,...,Vy with the following properties:

Vieooo -V |[WELWE W

For every v € [1,w], $(V,) is a short minimal zero-sum sequence over ¢(G).

For every v € [1,w], a(V,) is of the form £{'€52€5.

The sequence T(S1) - ... T(Suy)T(Sug+1)T(Sugtur+1) “ -« - * 7 (Sugtus+us )0(V1) -
(V) € F(Ker(p)) has no short zero-sum subsequence.

We set Q" = W, W W! (Vi-...- V)™t ve = ve (a(Q")) and w' = L”zjlj. Using

Lemma 3.14 again we find w’ types Viy11,. .., Viiw with the properties.

® Vir1 oo Vi | Q".

e For every v € [1,w'], B(Viy4r) is a short minimal zero-sum sequence over ¢(G).

e For every v € [1,w'], a(Vii) € {€7, 65,65}

e The sequence E(Sl) E(S ) ( u0+1) (Su0+u1+1) e 'E(Su0+u1+u2)5(‘/1)
cT(V)T(Vipt1) - - . - T(Vipgw) € F(Ker(p)) has no short zero-sum subse-

quence.
Let

N N e I L
T = min 0 , 0 , A .

Now we have that p&. occurs in

(Suo )E(Suo+1)5(5uo+u1+1) BRI E(Su0+u1+u2)
(V1) oo (V)T (V1) oo (Vi)

at least s. + 7 +

A
n
Y

Q|

w > m times, a contradiction.

Corollary 3.16. For every m € N there exists a positive integer n € mN such that
7 (C, ®C,) =3n+1.

Proof. Let m = 2F13k25ka7kay, . . p. where s,ky,..., ks € Ng and py,...,ps €
P with p; < --- < ps. We set n = mb5Fs7% with k4, k, € Ny such that
ks ths7katki > 3333 /4 (in the case s = 0 set k} = kj = 0). Using Proposi-
tion 3.12 and Theorem 3.15(1)(a) and (1)(b), we infer that n*(Cx & Cx) = 3k + 1
holds for k € {5k3+ké7k4+ki,5k3+k,37k4+k:1p1,...,5k3+ké7k4+k3p1 C . Ps,n =
ok1ghaphathyghatkipy, . Ly 1 O
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4. On N4 (G) for Groups of Rank Two

The main aim of this section is to prove the following theorem.

Theorem 4.1. Let G = Cy,, @ C,,, with 1 < ny|na. Suppose that for every prime
divisor p of n1 we have n*(Cp @ Cp) = 3p + 1 and that N1 (C, & Cp) = 2p.

(1) Nl(Cnl @Cnl) =2n;.
(2) If D(Cfll) < 3’/L1 — ].7 then Nl(G) =mni + na.

We analyze the above result. First, note that a main standing conjecture on the
Davenport constant states that

D(C2)=d*(G)+1=3n—-2 forallncN

(see [6, Conjecture 3.5]), and this holds true if n is a prime power (see [14, Theorem
5.5.9]). Let G be as in Theorem 4.1. Then

ny +ng < Nl(G) <ni+ng — 2—|—O|(G),

where the left inequality is obvious (see inequality (2.2)) and the right inequality
is the best upper bound known so far (see [14, Proposition 6.2.26]). Here ol(G)
denotes the Olson constant of the group G (for recent progress, see [1, 10, 33]). Now
Theorem 4.1 reduces the determination of the precise value of Ni(G) for general
groups of rank two to the verification of the corresponding conjectures for groups
Cp @ Cp, where p is prime. For small primes we have n*(C, & Cp) = 3p + 1 by
Proposition 3.12; and furthermore it is well known — due to the first author —
that for all primes p with p < 151, we have N1 (C, ® C},) = 2p (see [14, Proposition
6.2.11]). This result, in combination with Theorem 3.15(1)(b), Corollary 3.16 and
with the following multiplicity result for N1 (G), provides further groups for which
N1(C,, @ C,,) = 2n holds, which are not covered by Theorem 4.1.

Proposition 4.2. Let G = Cpyp ® Crpp with myn > 2. If Ny (Cy, @ Cp) =
2m,n*(C,, ® Cp,) = 3n+1 and N1 (C,, & C,,) = 2n, then N1(G) = 2mn.

Proof. By inequality (2.2) it suffices to prove that N;(G) < 2mn. Let p: G — G
denote the multiplication by m. Then Ker(p) = C2 and ¢(G) = mG = C2. Let
S € T(G*®) be a squarefree type of length |S| > 2mn + 1, and without restrict we
may assume that all labels are pairwise distinct (this implies in particular, that
»(S) is squarefree too). We have to show that |Z(S)| > 1. Assume to the contrary
that |Z(S)| = 1.

Weset S=g¢1-...-¢g;, wherel € Ny and g1,...,9; € G* X N, such that for some
t € [0,1] we have B(g;) = 0 for all ¢ € [1,¢] and §(g;) # 0 for all i € [t+1,1]. Suppose
that t > 2m+1 and set go = (G(g2m+2- - - - 1), Mo), where mg € N is chosen in such
away that got g1--.. - gam+1. Then B(go) =0and S" = go- ... gam+1 € T (Ker(p))
is squarefree. Since |Z(S)| = 1, Lemma 3.9(2) (applied with T' = S,t = 2m + 2,
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S1 =915, Sms1 = gom+1 and Sayi2 = gamg2 - ... - gi) implies that [Z(S)| = 1,
a contradiction to |S’| > 2m = N;(Ker(p)).
So we may suppose that ¢ € [0, 2m], and we continue with the following assertion.

Assertion A. The type g1 - ... - g; has a zero-sum free subtype T of length |T'| >

51

Proof of Assertion A. If ¢t = 0, then set 7' = 1. Suppose that ¢ € [1,2m]. We
write g1 -...- gt = UgUy ... - Uy where Uy, ...,U; are minimal zero-sum types over
Ker(p) and Uy zero-sum free. Since S € F(G® x N), it follows that |U;| > 2 for all
i € [1, f]. We choose an element x; € supp(U;) for every i € [1, f]. Since |Z(S)| =1,
it follows that

groeegi(xrcxy) = Uy UL - (ac;lUf)
is zero-sum free, and obviously we have [g1 -...- g¢(21 - ... xp) "t > [E]. O
By Assertion A we may suppose without restriction that g -...- gre is zero-sum

free, and we set S, = g, for every v € [1,[L]]. Let u € Ny be maximal such that
there exist types SF%H—D ..., 5y with the following properties.

L J S’—%]“’l SU|S(Sl Sr%")_l
e For every v € [[§] +1,u], B(S,) is a short zero sum sequence over ¢(G)).
e The sequence (S1) - ...-7(S,) € F(Ker(p)) is zero-sum free.

Since D(Ker(¢)) = 2m — 1, it follows that u < 2m — 2. We set W = ged(S5(S; -
I greter - -g1). Then W is the largest subtype of S(S; -...-S,)~! such that
(W) € F(G® x N). Clearly, o(W) is squarefree, has sum zero and

t
)] 2 151 =181 .- Sl = Spy7 ol = (1= | 5])

o[- ) )
= (2’”—U+ Ebnﬂz@m—u)nﬂ.

We distinguish two cases.

Case 1: u = 2m —2. Then |[W| > 2n+ 1. Since (W) € T (p(G)®) and N1 (¢(G)) =
2n, Lemma 2.2 implies that W has two subtypes 77 and T» such that ¢(737) and
©(T>) are two minimal zero-sum subtypes of (W) which are not coprime. Let
A € [1,2]. Since D(Ker(y)) = 2m — 1 and 5(S1) - ... - 5(Sy) is zero-sum free, there
exists a subset Iy C [1,u] such that &(7%) [[,;, @(S,) is a zero-sum sequence, and
hence

T\Vy, where Vy = H S,

vely
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is a zero-sum subtype of S. Since |Z(S)| = 1, Lemma 2.2(c) implies that
ged(T1 Vi, ToVa) € T(G). Since ged(T5,V;) = 1 for all 4,5 € [1,2], it follows that
gcd(T1 V1, ToVa) = ged(Th, Ta) ged(Vr, Vo). Arguing as in the proof of Lemma 3.14,
we infer that
ged(1,V2) = [ S» and Fop(ged(Vh,V3)) =0.
veliNlz
Thus we get

0= E(gcd(Tl‘/l’TQ‘/Q)) = OE(ng(Tl‘/l’TQ‘/Q))
=7 o p(ged(T1 V1, TaVa)) = T o p(ged(T1, Tz)) = T(ged(p(T1), p(T32)).

Since ¢(T1) and ¢(T%) are not coprime, their greatest common divisor is not trivial.
But since it sums to zero, this is a contradiction to the minimality of ¢(73) and
o(Tz).

Case 2: u < 2m — 3. Then |W| > 3n+ 1 = n*(¢(G)). Thus W has two sub-
types Th and T such that ¢(T1) and ¢(T3) are two short minimal zero-sum types
which are not coprime. Then Lemma 3.14 implies that S has two short minimal
zero-sum subtypes which are not coprime, and hence |Z(S)| > 1 by Lemma 2.2, a
contradiction. O

Proof of Theorem 4.1. Theorem 3.15 implies that n*(C,, ® Cy,) = 3n; + 1.
Thus the first statement follows from Proposition 4.2. Using the first statement
and [14, Corollary 6.2.10] we obtain the second statement. O

5. On Ni(G) for Cyclic Groups and Elementary 2-Groups

In this section we establish two results. First, we show that in cyclic groups Ng(G)
coincides with N1(G) for large values of k (see Theorem 5.1). Second, we point
out that this feature of cyclic groups is in sharp contrast to the behavior of the
Narkiewicz constants in elementary 2-groups (see Theorem 5.3). Both proofs use
ideas first developed in [5]. In the present paper we have the concept of type
monoids at our disposal and, moreover, a result on the structure of long zero-sum
free sequences which was recently established by Savchev and Chen in [36].

Theorem 5.1. Let G be a cyclic group of order n > 6 and let k € N with k <

—10; n O, n n—
2—logy +\/(12g2 )2+2 18 hen Ni(G) =n

We start with the the result by Savchev and Chen which we cite in a form given
in [13, Theorem 5.1.8].

Lemma 5.2. Let G be a cyclic group of order n > 2, and let S be a zero-sum free
sequence over G of length |S| =1 > "TH Then there exists an element g € G with
ord(g) = n such that

S=(a1g)- ... (ag),
where 1l = a1 < ---<aq <n-—1and 2(S) ={vg|lve[l,ar+ - +al}.
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We will also need the following two elementary observations.

Lemma 5.3. Let A = a1 - ... a¢ be a sequence of positive integers such that
ar+ - +ag <20—1. Then > (A) =[1,a1 + -+ + a].

Proof. For the proof we suppose that 1 < a; < --- < ap which implies that a; = 1.
We proceed by induction on . If £ = 1, then A = 1 and X(A) = [1,1]. Suppose
that ¢ > 2. If ay = 1, then A = 1¢ and X(A) = [1,/]. Suppose that a; > 2, and
set A’ =a,;'A. Then ay < o(A’) + 1, 0(A’) < 2¢ — 3, and the induction hypothesis
implies that X(A’) = [1,5(A’)]. Therefore we obtain that

Y(A) = B(A) U {ac} U (ap + 3(A")
=[L,o(A)U{ar} Ular+1,a0 + o(A)] = [1,0(4)]. O
Lemma 5.4. Let n > 6 and A € F(N) be a sequence of positive integers of length

Al =¢> (n+2)/2 and with o(A) < n. Let a € N denote the integer with vq(A) =
max{vy(A)|g € N}.

(1) vo(A) >n/6.

2) acl,2).

(3) If x € X(A) with x € [a+ 1,0(A) — a], then © = o(ad’) for some subsequence
A" of A with va(A") < ve(A) — 2.

Proof. (1) If vo(A) < n/6, then

o(A) > vi(A) +2va(A) +3(£ —vi(A) —va(A)) =30 — 2vy(A) — va(A)
23(3) -2 5
a contradiction.

:’]’L,

(2) If a > 3, then
a(A) > vi(A)+2va(A) + 3(0 —vi(A) —va(A)) = 30— 2v1(A) — va(A)
=20+ (L —vi(A) —va(A)) —vi(A) > 20+ v, (A) —vi(A) > 20 > n,
a contradiction.

(3) Since n > 6, we have v, (A) > 2, |A| = ¢ > 4 and 0(A) < n < 2¢— 2. Therefore,
0(Aa=?) < o(A)—2 < 20—5=2({—2)—1,and Aa~? satisfies the assumption of
Lemma 5.3. Since x—a € [1,0(A)—2a] = $(Aa—?), it follows that x—a = o(A")
for some subsequence A’ of Aa=2. O

We fix the notation which will be used in the subsequent lemmas and in the
proof of Theorem 5.1. Let £ € N, G be a finite abelian group with |G| > 1 and
T=gi-...-g € T(G®) be squarefree with |Z(T")| = k, where | € Ny and g1,..., 91 €
G* x N. For v € [1, k], let

2o =Up1-...- Uy, € Z(T),
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where, for all A € [1,7,],
Uox = H g € A(T(G®)) and [LI|=J,1W... 0], .
i€y )\
Then L(T') = {r1,...,7}, and we suppose that r; = maxL(T).

Lemma 5.5. Let k € N>o and T € T(G®) be squarefree with |Z(T)| = k. Then
maxL(T) <k —1+log, |G|.

Proof. We assert that there exists a subset A C [1,71] with |A] > — k + 1 such
that

H UL)\ S T(G)

AEA
has unique factorization. Suppose this holds true. Then Lemma 3.9(1) implies that

2l < H Uil < |G
A€A
Therefore we obtain |A| < log, |G| and
maxL(T) =7 <|A|+k—-1<k-—1+log, |G|

It remains to verify the existence of the set A. For every i € [2, k], there are a; €
[1,71] and 3; € [1,7;] such that Uy o, # U;p,. We set A = [1,m]\{e:|i € [2,k]}.
Then |A| > 7 — (k—1) and

H UL)\ S T(G)

AEA

has unique factorization, since otherwise we would get |Z(T')| > k. m|

Lemma 5.6. Let k € N>o and T € T(G*®) be squarefree with |Z(T)| = k. For
v € [2,k] and for X\ € [1,r,], we define the set Ix = {s € [L,r1]|J1,s N, # 0}.
Then the family {Ix| A € [1,7,]} has a system of distinct representatives.

Proof. Assume to the contrary that this does not hold. Then, by Hall’s Theorem,
there is a subset Q C [1,7,] such that for

In=|J I, wehave |Io| < |,
weN
By definition of the sets I, we get
U Ju,w - U Jl,i;
weN i€lg
and we set J = UielQ J1,i\U,eq Jv.w- Then it follows that

e (M) (1w) 1 (10

ieJ we iGJy,u )\G[l,’r‘l]\fg ’L‘GJLA
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is a product of at least r1 — |Ig|+ || > 1 minimal zero-sum types, a contradiction
to r1 = max L(T). m|

Lemma 5.7. Let T € T(G®) be squarefree with |Z(T)| = 2. Then |T| < max L(T)+
D(@G).

Proof. Let {Ix|A € [1,72]} be as in Lemma 5.6 and (s)xe[1,r,] be a system of
distinct representatives. Then for every A € [1,72] we have Ji 5, N Jox # 0, and
for every i € [1,r1] there is an u; € Jy; such that us, € J1 s, N J2x. Now we set
A = [1,]\{u1,...,ur }. By construction, no non-empty subset A’ C A is a union
of sets J1n with A € [1,r1], or of sets Ja x with A € [1,72]. Since |Z(T')| = 2, this
implies that [],., gx is zero-sum free and hence |A| < D(G). Thus we obtain that

|T|=1=|Al4+ 7 < D(G) + maxL(T). |

Proof of Theorem 5.1. Assume to the contrary that Ni(G) # n. Since n =
Ni(G) < -+ < Ng(G), we may set Ny(G) = n+ 1+t with t € Ny. We choose
a squarefree T € T(G®) with |Z(T)| < k and |T| = Ni(G). Since N1(G) = n, it
follows that |Z(T)| = k' € [2,k]. Then Ny (G) = Ni(G), and thus, after replacing k
by &’ if necessary, we may suppose that |Z(T)| = k.

For A € [1,72], we set I = {sx € [1,71]| J1.5, NJ2.x # 0}, and by Lemma 5.6 we
may choose a system of distinct representatives (sx)xe[1,r,]- Then for every i € [1,7]
there is an u; € Ji; such that us, € Ji 5, NJ2 . Therefore there is a subset I C [1,1]
with [I| =71 +rg+---+r, such that INJ, ; # 0 for all v € [1,k] and all j € [1,7,].
Now we set A = [1,1]\I. Since [Z(T')| = k, the type U = [[ <5 9x is zero-sum free.
Using Lemma 5.5 we obtain that

n—|Ul=n—[Al=n—n+1+t—|I))<|I|-1=r1+rs+---+r—1

< (k=1 — 1< (k= 1)(k - 1+ log, |G]) — 1

—11
< (by our assumption on k:)n 5

Let R be a zero-sum free subsequence of a(7") having maximal length. Then |R| >

|U| > 2t and we set 7 = |R| and s = |[T| —r =n+ 1+t —r. By Lemma 5.2 we

may write

aT) = (a19) - ... (arg)(brg) - ... - (bs9),
where g € G with ord(g) = n, a;,b; € [1,n — 1] and X(A) = [1,0(A)] C [1,n — 1]
with A =ay ... -a, € F(N). Let a € N with v,(A) = max{v,, (A4)|i € [1,7]}. By

Lemma 5.4, we obtain that

ac[l,2] and vu(A)> % > k.
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Assume to the contrary that n —b; € [a+ 1,0(A) — 2a]. Then Lemma 5.4 implies
that n —b; = a+ o (A’) for some subsequence A’ of A with vq(A") < vq(A)—2, and
thus

b + (Va(A") + Da+ o(AavA)) = n, (5.1)

Since 2 < v, (A")+1 < v, (A)— 1, we can choose the (v, (A’) + 1)a’s in the left-hand
side of (5.1) in at least (Va"(‘;x(,")‘ll) > vo(A) > n/6 > k ways, a contradiction to
|Z(T)| = k. Therefore,

bjen—an—1U[l,n—o(A)+ 2a].

If bj,,bj, € [1,n — o(A) + 2a] for ji # jo, then 2 < b, +b;, <2(n—0(A)+2a) <
n —3 < n — a. Arguing as above we can infer that b;, + b;, € [2,n — 0(4) + 2a].
Repeating this argument we finally obtain

bj <n—o(A)+2q,
j€[1,s],b;<n—oc(A)+2a

and hence

zr: a; + Z b; <n+ 2a. (5.2)
i=1

j€ll,s],b;<n—oc(A)+2a
Now we distinguish two cases.

Case 1: a = 1. If b; = n—1 for some j € [1, s], then 7" has at least vi(A) > n/6 > k
distinct factorizations, a contradiction. Therefore, b; < n —o(A)+ 2 holds for every
j € [1,s], and (5.2) implies that Y25, a; +>77_, by <n+2. Since r +s > n +1, it
follows that >2i_, a; + Y77, bj € [n + 1,n + 2], a contradiction to 7(T") = 0.

Case 2: a = 2. If bj = n—2 for some j € [1, 5], then T has at least vo(A) > n/6 > k
distinct factorizations, a contradiction. If b; = b; = n—1 for some ¢ # j € [1, s], then
T has at least vo(A) > n/6 > k distinct factorizations, a contradiction. Thus after
renumbering if necessary, we may suppose that b; < n—o(A)+4 holds for every j €
[1,s—1]. It follows from (5.2) that > ;_, a; + Zj;i bj <n+4.Ifby <n—0o(A4)+4,
then, as in Case 1, we derive a contradiction to @(7") = 0. Therefore, we get that
bs=n—1.Butfromr+s—1>nand ) ;_ a; + Zj;i bj <n+ 4 we obtain that
1 occurs with multiplicity at least n — 8 > k times in a1 - ... a.by ... bs_1. Since
bs +1 =mn, T has at least as many factorizations as the above multiplicity of 1, a
contradiction to |Z(T)| = k. O

We end this section with a result on elementary 2-groups which is in contrast
to Theorem 5.1.

Theorem 5.8. Let G be an elementary 2-group of rank r € N and let k € N. Then
Ni(G) = 2r if and only if k € [1,2].

Proof. By inequality (2.2), we have 2r < N;(G) < Ng(G). First, we show that
No(G) < 2r. Let T € T(G®) be squarefree with |Z(T)| = 2 and maxL(T) = r;.
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Then Lemma 5.7 implies that D(G)+r1 —1 > |T'| > 2ry. This implies r1 < D(G)—1
and thus |T'| < 2D(G) — 2 = 2r.

Second, we verify that N3(G) > 2r. Let (e1,...,e,) be a basis of G and B =
efe2 - ...- e Then

r

7(B) = (e1,1)(e1,2)(e1,3)(e1,4) H(ei, 1)(e;,2) and Z(7(B)) = {z1, 22, 23},

where
21 = ((ex, 1)(e1,2))((e1,3)(e1,4)) [ [ (e, 1)(es, 2)),
i=2
z2 = ((e1,1)(e1,3))((e1,2)(e1,4)) H((em 1)(ei, 2)),
z3 = ((e1,1)(e1,4))((e1,2)(e1,3)) H((eu 1)(e:,2)).
This shows that N3(G) > |7(B)| = 2r + 2. O
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Note Added in Proof. W. Gao, Y. Li and J. Peng proved that N;(C, ®C}) = 2p
for all primes p (their paper “A quantitative aspect of non-unique factorizations:
The Narkiewicz constants II” has been accepted for publication in Collog. Math.).
Thus one of the two assumptions in Theorem 4.1 has been verified.
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