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1. INTRODUCTION

T. Tamura initiated the investigations of commutative cancellative archimedian
semigroups which were later called N-semigroups by M. Petrich (cf. [Pe, Ta] and
the literature cited there). Motivated by problems in ring theory M. Satyanarayana
studied commutative semigroups where all proper ideals are primary ([Sa, An]); he
called these semigroups primary.

In order to generalize the classical concept of a divisor theory, F. Halter-Koch con-
sidered commutative cancellative monoids where all non-units are primary ([HK1]);
he also used the notion primary monoid. In particular, one-dimensional noetherian
domains allow a divisor homomorphism into a coproduct of primary monoids. This
makes it possible to study the arithmetic of such domains by studying the arithmetic
of primary monoids (cf. [HK2]). It was this application which was the main motiva-
tion for the present paper and in particular our arithmetical results should be seen
in this respect.

First, we show that the concept of N-semigroups and both notions of primary semi-
groups coincide for commutative cancellative monoids. In section 3 we deal with the
integral closure and complete integral closure of primary monoids. In [HK2] finitely
primary monoids were defined as certain submonoids of finitely generated factorial
monoids. In section 4 we derive a characterization of finitely primary monoids in
terms of their complete integral closure (Theorem 1). This allows us to character-
ize integral domains whose multiplicative monoids are finitely primary (Theorem 2).
The final section is devoted to the arithmetic of primary monoids. We show that
finitely primary monoids have finite catenary degree (Theorem 3); as a consequence
we obtain that the multiplicative monoid of invertible ideals of a one-dimensional

677



noetherian domain o, whose integral closure is a finitely generated o-module, has -
finite catenary degree (Theorem 4).

2. PRELIMINARIES

Throughout this paper, a monoid means a commutative cancellative semigroup
with identity. In general monoids will be written multiplicatively except when we
consider additive submonoids of (N°, +). N4 denotes the set of positive integers and
N = Ny U {0}. For basic notions concerning commutative semigroups we refer to
[Gi2; chapter I].

Let H be a monoid and H* its group of invertible elements. H is said to be
reduced if H* = {1}. A non-cmpty subset I C H is called an ideal if HI C I: an
ideal I is said to be proper if I # H. Let I C H be a proper ideal. [ is called
mazimal, if it is not contained in any proper ideal; [ is said to be prime, if a,b € H
and ab € I implies that « € I or b € I. [ is called primary, if a.b € H, ab € I and
a & I implies that 0" € I for some n € N.

Obviously H \ H* is the unique maximal ideal of H and H \ H* is a prime ideal:
by definition every prime ideal is primary.

If I C H is an ideal, then
VI={aeH]|a" eI for some n €Ny}

is called the radical of I. The following facts may be proved as in commutative ring
theory: let I be a proper ideal.

a) If 7 is primary, then VT is prime.

b) If /T is maximal, then I is primary.

¢) VT is the intersection of all prime ideals containing 1.

Let H be a monoid; an element ¢ € H is said to be primary, if the ideal ¢H is
a primary ideal (equivalently: ¢ € H* and a,b € H. ¢ | ab and ¢ { a implies ¢ | 0"
for some n € N;). Obviously. every prime element is primary; however there ave
primary elements which are not irreducible and irreducible elements which are not

primary.

Let H be a monoid and Q(H) a quotient group of H with H C Q(H). For a
submonoid S C H we define the congruence modulo S in H by

a=0bmodS if a~'be Q(S)
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(or equivalently, aS N bS # (). We denote by H/S the factor monoid of H with
respect to the congruence modulo S. In particular we set Hyeq = H/H*.

A submonoid S C H is called divisor closed, if a € H, b € S and a | b implies
a € S. Obviously, a proper subset S C H is a divisor closed submonoid if and only
if H\ S is a prime ideal of H. We say that a submonoid S C H is saturated, if
S = H N Q(S). Obviously, every divisor closed submonoid is saturated.

Lemma 1. Let H be a monoid with H # H*. Then the following conditions
are equivalent:
H* and H are the only divisor closed submonoids of H.
H has exactly one prime ideal.
All proper ideals are primary.
All non-units are primary.
Ifa.be H andb¢g H*, then a | b for some n € N,.

Gk L

Proof. 1. = 2. This follows from the above remark.

2. = 3. Let I C H be a proper ideal. Since /T is the intersection of all prime
ideals containing I, 2. implies that /T = H \ H*. H \ H* is the unique maximal
ideal of H and hence I is primary.

3. = 4. Obvious.

4. = 5. Let a,b € H and b ¢ H*. Then ab is primary and ab | ab; since ab { «,
it follows that ab | b™*! and hence a | b™.

5. = 1. Let S C H be a divisor closed submonoid with S # H*. Forbe S\ H*
we have

{a€e H|a|b" forsome neN,} CSCH

and the first set equals H by 5. a

Definition 1. A monoid H with H # H*, which satisfies the cquivalent

conditions of the previous Lemma is called primary.

Remark. Parts of the above Lemma may be found in [Sa; Theorem 2.11],
[HK1; Theorem 1.8] and [Gel; Proposition 3.

Let ¢: H = D be a monoid homomorphism; ¢ is called a divisor homomorphism
if a,b € H and ¢(a) | ¢(b) implies a | b (equivalently: ¢(H) C D is saturated and
the induced homomorphism @y.q: Hyed = Diyea 1s injective); furthermore ¢ gives rise
to a unique group homomorphism Q(p): Q(H) — Q(D) (cf. [G-HLK; section 2]).

Lemma 2. Let p: H — D be a monoid homomorphism.

1. If H is primary and o(H) # o(H)*, then o(H) is primary.
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2. If (H) is primary and Ker Q(¢)H* /H* a torsion group, then H is primary.
3. If D is primary, H # H* and ¢ a divisor homomorphism, then H is primary.
4. H is primary if and only if Hyeq Is primary.

Proof. 1. Let p(a),p(b) € ¢(H) be given with a,b € H and suppose that
o(b) ¢ o(H)*. Then b ¢ H* and hence there exists some n € N} with a | b™ which
implies that ¢(a) | ¢(b)™

2. Let a,b € H with b ¢ H* be given. First we verify that ¢(b) ¢ ©(H)*
assume to the contrary that o(b) € @(H)*. Then there exists some ¢ € H such
that 1 = ¢(b)p(c) = ¢(bc). Since Ker Q(p)H*/H* is a torsion group it follows that
(bc)™ € H* for some m € Ny and hence b € H*| a contradiction.

Since ¢(H) is primary and ¢(b) ¢ H*, we have p(ac) = p(b™) for some c € H
and some n € Ny. Therefore Q(¢)(achb™) =1 and thus (acb~™)™ € H* for some
m € Ny which implies that a | b"™.

3. Let a,b € H with b ¢ H* be given. Then (b) ¢ D> and hence ¢(a) | ¢(b)" =
o(b™) for some n € N which implies that a | b™.

4. Since the canonical homomorphism 7: H — H,.q is a surjective divisor homo-
morphism, the assertion follows from 1. and 3. O

3. INTEGRAL CLOSURE AND COMPLETE INTEGRAL CLOSURE

Let H be a monoid. The integral closure HC Q(H) and the complete integral
closure H C Q(H) are defined by

H={zeQH)|z"€H for some neN;}
and
H={z € Q(H)| there exists some c € H such that cz” € H for all n € N,}.

H is called integrally closed, if H = H and completely integrally closed (c.i.c.), if
H=H.
Obviously
HCH= H CH-= H CQ(H);

in general we have H # H If H is primary then His ci.c. ([Gel; Theorem 4]).
Since Q(Heqd) = Q(H)/H* we obtain
Hyeq = H/H*
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and
Hred :fl/f-{><

Hence H is integrally closed (vesp. c..c.) if and only if Hieq is integrally closed

(resp. c.i.c.).

It is well known that H* = H>* N H (cf. [G-HK; Lemma 5.4]). For primary
monoids we even have the following result:

Proposition 1. Let H be a primary moncid. Then

H* =H*NH=H*NH.

Proof. Obviously we have H* C H*NH C H*NH; to obtain the converse let
a € H* N H be given. Then there exist a b € H with ab=1 and a ¢ € H such that
b € H for all n € Ny. Assume to the contrary that a ¢ H*. Since H is primary.
there is an » € Ny with ¢ | a”. Hence a”b" € H for all n € N4 Setting n =r + 1 we
infer
a' bt = (ab"b=0b€ H,

and thus @ € H*, a contradiction.

O

Proposition 2. Let H, S he monoids such that H C .S C H. Then H is primary
if and only if S is primary.

Proof. First suppose that H is primary and let a,b € S be given with b ¢ S*.
There is an n € Ny such that «",b™ € H. Since b ¢ S*NH = H*NH=H*it
follows that a™ | b™™ (in H) for some m € N, and hence a | "™ (in S).

Conversely suppose S to be primary and let « € H and b € H\ H*. Ther
b¢g H* = S* N H, and therefore there is a. n € N4 such that a | ™ (in S). Thus
a”'d™ € S and a=™b™™ € H for some m € Ny, which implies that a | a™ | ™™ (in
H). O

Remark. In [HK1; Theorem 3.1] it was proved that H is primary, if H is
primary.

The next lemma relates the complete integral closure of two monoids to their con-

ductor. Let H and D be monoids contained in some common group. The conductor
fo/u of H in D is defined as

foyu ={ce H|cDC H}.
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Iffp/u # 0, then D C Q(H) and fp,p is an ideal in /1.

Lemma 3. Let H C D be monoids.

1. IffD/H ;é @, theu F[ = B
2. Let D be finitely generated. Then fp/y # O if aud only ifH=D.

Proof. 1. Suppose f;,; # 0: obviously, we have I - D. Conversely, let & € D
and ¢ € D be such that ca” € D for all n € Ny. Then for some f € fp/y we have
fea™ € H and hence v € H.

2. We suppose H = D and have to verify that {;, ;; # 0. Let D be generated

by uy,...,us; since D C H there are fi € H sucli that fiu’}' € H for every k € N
s s
and every 1 <7 < s. We set f = [] fi; then for every u = [] u;"‘ € D we have
=1 i=1
S
fu=T](ful) e H. O

i=1

4. THE STRUCTURE OF FINITELY PRIMARY MONOIDS

In [HK2] finitely primary monoids were introduced. Their relevance lies in their
appearance in the theory of one-dimensional domains (cf. Theorem 2 and the example
at the end of section 5). We recall the definition.

Definition 2. A monoid H is called finitely primary (of rank s € Ny and of
exponent o € Ny ) if it is a submonoid of a factorial monoid D containing exactly «
mutually non-associated prime elements py, ..., p..

HCD=[p,....,p.]» D",

satistfying the following two conditions:

a) H* = HnND*.
b) For any a = ep{" ... p¢* € D (where ay,....a. € N and = € D), the following
two assertions hold true:
1) fae H\ H* . then a; 2 1,...,a, > 1.
i) fa; 2 a,...,as 2 a.thena € H.
The situation is especially simple if the factorial monoid D in the above definition
is reduced. Then D is isomorphic to (N, +) and obviously we have the following
condition: a submonoid H C (N¥, +) with Q(H) = 7" is finitely primary if and only

f+N; CHCN;, u{o}



for some f € Nj.

We return to the general situation. Clearly, the existence of an a such that ii)
holds is equivalent to fp/y # 0.

Our aim is to characterize a finitely primary monoid H by its inner properties.

Theorem 1. Let H be a monoid. Then the following conditions are equivalent:

1. H is a finitely primary monoid of rank s.

2. H is primary, H ~N® x H* and fﬁx/” # 0.

In particular, the factorial monoid D of Defiuition 2 is just the complete integral
closure of H.

Proof. 1. = 2. Suppose H is a finitely primary monoid of rank s with
expounent a and let all notations be as in Definition 2. To show that H is primary,
3.
Ps’

let a.b € H be given with b ¢ H*. Then a = epi't...p%, b = ,u.pl with

spn€D*a; 20and B; 2 1for 1 <i<s. Setting n = a+max{a; |1 <7< s} we

bt = u( H[ npi= )

Since ngi —«a; 2 a for every 1 < i < s, the second factor lies in H and hence a | "
(in H).

obtain

Since f= ] ps € fp,u and since the factorial monoid D is c.i.c., we have H = D
i=1
by Lemma 3, which implies the remaining assertions.
2. = 1. Let p;,...,ps be non-associated prime elements of H; then H =

e, Ps] X H*. We set D = H and have to verify conditions a) and b) of Definition

It follows from Ploposmon 1 that D*NH = H*NH = H*, whence d) holds. To
verifv bi). leta = ¢ H pit € H\ H* be given. Choose an arbitrary b = 7 H p” €H

=1 =1

with 3; > 1 for all 1 <7< s. Since H is primary, there is an n € Ny such that b | a"
in H.and hence in H. Therefore a; > 1 for all 1 <@ < s.

For every pnmo pi there exists a ¢; € H such tlmt cipt € H for all n € Nj. We
set fo = fn c; where f € H satisfies fHX C H. Then by construction we have

i=]

f(,ﬁ C H (i.c. fﬁ/” # 0), and hence ii) holds. 0

Corollary 1. Let H be a monoid and s € N .

1. H is finitely primary of rank s if and only if H,.q is finitely primary of rank s
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2. Suppose that H is finitely primary of rank s. Then H is finitel y primary of rank
s and H = D1 .psﬁ U H* where D1, ..., Ps are non-associated prime elements
of H.

Proof. 1. From Lemma 2 we infer that H iz primary if and only if H,.q is
primary. H is factorial and has s non-associated prime elements if and only if this
holds true for ]?I/H>< = /:d Finally for some f ¢ H. we have fITI>< C H if and
ounly if (fH*)(H*/H*)C H/H*.

2. Ploposmon 2 implies that H is primary. Since H is factorial. it is c.i.c. and

hence H = H; thus H is a finitely primary monoid. It can be verified immediately
that H =py...psHUH*. 3

Remark. There are primary monoids H which are not finitely primary but for
which H is finitely primary (cf. [G-HIK-L; Theorem 3}).

Corollary 2. Let H be a monoid. Then the following conditions are equivalent:
H,eq Is finitely generated and finitely primary.

. q is finitely generated and pmmuy

H is a primary Irull monoid and (Hx CHY) < X

—_ o N =

H is finitely primary of rank 1 and (H*:H™ )« ~.

Proof. 1. = 2. This is a consequence of Theoren L.

2. = 3. Since H eq is primary, it follows from Lemima 2 and Proposition 2 that H
is primary. By [HIC3; Theorem 4] we infer that Hyo = /H" is finitely genernted:
therefore H/Hx is finitely generated and (H>< H") - ~. Since H,ed is a finitely
generated integrally closed monoid, it is a Krull monoid (see [HK3; Theorem 5 and
Remark 2]) and whence H is Krnfl.

3. = 4. By [HK1: Corollary 2.10] plmmry Krull monoids are factorial and each
pair of pnme elements are assoc 1ate(l hence H ~ N x >, In particular H is cic.
and thus H = H. Since (H>< CH*) = (H* : H*) < . there is an element f € H
with fHX C H. Therefore, by Theorem 1, H is finitely primary of rank 1.

4. = 1. Hyeq is finitely primary by Corollary 1 and it remains to show that it is
finitely generated. However, if H is finitely primary of exponent a and p € His a
prime element, then

{p*sH* |0< k< aandc € H*}

is a generating system of H/H*, which is finite since ([AI>< : H*) < o0. 0O

As a final result of this section, we show that every integrally closed monoid D
with D,.q finitely generated may be realized as the complete integral closure of a
primary submonoid.
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Proposition 3. Let D be an integrally closed monoid such that Deq is finitely
generated. Then there exists a primary submonoid H C D with H = D.

Proof. Let uj,...,u, € D be such that D is generated by {uy,...,u,} U D*.
We define

H={cu}".. v €D|ee D k... .k, €Ny} U{1}

obviously H C D is a primary submonoid.
Since Dieq is finitely generated and integrally closed, it follows that D,eq is c.i.c.
by [Gi2: Theorems 12.4 and 7.8]. Hence D is c.i.c. which implies that # C D = D.
In order to verify that D C H let v = cul' ...ulr € D be given with ¢ € D*
and [y...., 0, € N. Setting ¢ = uy...u.,, it follows that cv™ € H for all n € N
ie.veH. 0

Remark.  Saturated submonoids of finitely primary monoids are primary by
Lemma 2.3. However, in general a saturated submonoid of a finitely primary monoid
may not be finitely primary as can be seen by the following.

Let S — D be a divisor theory wheve D is free abelian of finite rank and S is
not factorial. Hence there 1s an element a € S with p | a for all primes p € D. By
Proposition 3 there exists a primary submonoid H C D with H = D. Since D is
reduced and factorial. H is finitely primary. We set

T = HnQ(s).

Suppose that H is finitely primary of exponent a € N ; then for every s € S we
have
sa*

=2 QHNS) C AT C QAS)
a
which implies Q(S) = Q(T'). Furthermore, we obtain
T=HnQ(S)=DNQ(S)=S

and T = HN Q(T). Thus T C H is saturated, but T is not finitely primary since
T = S is not factorial.
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5. PRIMARY MONOIDS AND INTEGRAL DOMAINS

Let R be an integral domain. We denote by R* = [?\ {0} its multiplicative monoid:
we set X = R** and R = R* U {0}. Then R is the usnal complete integral closure

of the domain R and if R denotes the integral closure of R we have
RCRCR

If R is noetherian, then R = R. This means in particular. that for noetherian
domains there is a purely multiplicative description of their integral closure. R is
said to be a local domain if it has a unique maximal idcal.

If S/R is a ring extension then
Anup(S/R)={re R|rS - R}
denotes the annihilator of the factor module S/R. By definition we have
Anng(S/R) = fgeype U {0}
and this coincides with the classical definition of the conductor of a ring extension.

Lemma 4. Let S/R be a ring extension such that S is contained in a quotient
field of R.
1. If Anng(S/R) # (0). then R = S.
2. If S is a finitely generated R-module, then Anngp(S/R) # (0).
3. If R is noetherian and Aung(S/R) # (0), then S is a finitely generated R-
module.

Proof. 1. This follows from Lemma L}l
2. Let s1,....8, € S be such that S C Y Rs;; then there is some 0 # f € R with

i=1

fsi€ Rfor 1 <i<nandhence fSC S Rfs; CR.
i=1
3. Let 0 # f € Aung(S/R). Since R is noetherian. the submodule fS C R is
finitely generated. Being isomorphic to fS (as an R-module). S is a finitely generated
R-module. [

Lemma 5. Let R be an integral domain, X the set of non-zero prime ideals of
R and Y the set of all prime ideals of R® (in the semigroup theoretical sense). Then

A ®\ohH=[)a

peX qeY’

686



Proof. Forevery p € X we have p\ {0} € Y and hence () (p\{0}) 2 N q.
peEX qey’
Conversely, let s € () (p\ {0}) be given; then Q(R®*) = {s™"a | a € R*} by [Kap:
pEX

Theorem 19] and hence s € (] q by [Gel: Lemma 4]. ]
qeY’

Remark. The intersection of all non-zero prime ideals of R is usually called the
pseudoradical of R and domains with non-zero pseudoradical are called G-domains
(cf. [Gil] or [Kap]). The above Lemma implies that the property of being a G-domain
is a purely multiplicative one (cf. [Gel; section 4]).

Theorem 2. Let R be an integral domain.
1. The following are equivalent:
a) R® is primary monoid.
b) R is a one-dimensional local domain.
2. The following are equivalent:
a) R* is a finitely primary monoid.
b) R is a one-dimensional local domain, R is a semilocal principal ideal domain
and the conductor of R/R is non-zero.
3. The following are equivalent:
a) R® is a primary monoid and R*/R* is finitely generated.
b) R is a one-dimensional local noctherian domain, R is a discrete valuation
ring which is finitely generated as R-module, and (__ﬁx tRX) < .

Proof. 1. We use the notations of Lemma 5.

a) = b) Let R® be primary. Then by Lemma 1 R has only one prime ideal.
Since for every p € X we have p\ {0} € Y, it follows that R has exactly one non-zero
prime ideal.

h) == a) Suppose that R\ R* is the only non-zero prime ideal of R and let qo € Y’
be given. By Lemma 5 we infer

RAR = () (p\{0)=[)aCq.

peX qeY’

Thus qp = R*\ R* and qo is the only prime ideal of R*.

2. a) == Db) Since R* is a finitely primary monoid, it is primary and hence R is
one-dimensional and local by 1. R is a factorial domain having only finitely many
non-associated primes and hence it is a semilocal principal ideal domain. Clearly the
conductor of ﬁ/R is non-zero (cf. the observation after Definition 2).

b) = a) R*® is primary by 1. R is a factorial domain having only finitely many
non-associated prime elements. If 0 # f € R lies in the conductor of ﬁ/]? then
fIA?>< C fﬁ’ C R. Therefore R*® is finitely primary by Theorem 1.
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3. a) = b) Corollary 2 implies that R® is finitely primarv of rank 1 and (R* -
R*) < o0. Thus for some prime element p € R* we lave R* = {ep™ | € € R~
and n € N}, and whence R is a discrete valuation ring. Since p* € R for some
a € Ny and because (}A?x :R*) < o0, Risa finitely generated R-module. Therefore
R is noetherian by the theorem of Eakin-Nagata ([Ma: Theorem 3.7]); furthermore
R = E’,, dimR =dim R =1 and R is local.

b) = a) R* is primary by 1. Since R is noetherian we infer R = R and hence by
2b) R is finitely primary of rank 1. Thus the assertion follows from Corollary 2. O

Corollary 3. Let o be a one-dimensional noetherian domain, p C o a non-zero
prime ideal and Q(p) the set of all invertible p-primary ideals which are multiplica-
tively irreducible (i.e. not a product of two invertible ideals). Then the following
conditions are equivalent:

L. op/oy is finitely generated.

2. #Q(p) < o0.

3. There is exactly one prime ideal p C 0 with p o = p.o, Is a finitely generated

op-module and (8, : o) < .

Proof. 1. & 2. Let Z(o) denote the multiplicative monoid of invertible ideals in
o and Z(o0,p) C Z(o) the submonoid generated by p-primary invertible ideals. Then
Q(p) is a generating system of Z(o,p) consisting of irreducible elements. Z(o.p) is
isomorphic to Z(o,), the monoid of invertible ideals in o0,. Since invertible ideals in

a local ring are principal we have
Z(op) = {aop |0 #a € 0p} ~0p/0,.

1. & 3. This follows from Theorem 2.3 O

Remarks. 1. Part 1 of Theorem 2 was first established (with a different proof)
in [HK1; Theorem 4.1].

2. In [G-HK-L; Theorem 4] a characterization of integral domains R is derived for
which R® is primary and the group of divisibility Q(R*)/R* is a finitely generated
abelian group.

3. Suppose that R® is finitely primary. Then the rank of R® equals the number of
prime ideals of R. Note that in general R is not noctherian (cf. [Hu; Example 68]).

4. The equivalence of 2. and 3. in Corollary 3 was first proved in [HKS5; Satz 2].

Proposition 4. Let R be an integral domain.

1. R* is a finitely generated monoid if and only if R is a finite field.
2. If R® is primary, then R*® is not finitely generated.
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Proof. 1. If R is finite then R® is finitely generated. Conversely, suppose that
R*® is a finitely generated monoid. Lot IV denote the guotient field of R and £k C ¥
its prime field. Since K'* is a finitely gererated abelian group, & is a finite ficld
and I'/k is a finitely generated abelian extension (cf. [[{ar; Ch. 4, Theorem 1.4 and
Lemma 5.1]). Therefore K is finite, R 1¢ a finite integral domain which implies that
R is a finite field.

2. If R*® is primary then R® # R* and hence the assertion follows from 1. (]

Example. Let o be a one-dimensional noetherian domain and suppose that o is
a finitely generated o-module. Then for every non-zero prime ideal p C 0 o, = 0, is
a semilocal Dedekind domain and hence a principal ideal domain; furthermore o, is
a finitely generated op-module. Thus Theorem 2 implies that o} is a finitely primary
monoid. Indeed, it was this example which motivated the introduction of finitely
primary monoids ((HK2; Proposition 6]).

We reconsider the situation of Corollary 3. For this we suppose further that o
has the finite norm property (e.g. o an order in a global field) and let f denote the
conductor of 8/0. Then (3, : 0,) < (0 : f) < co by [Ne; Kap. I, Satz 12.11], and
hence o) /o is finitely generated if and only if there is exactly one prime ideal p C 0
lying over p.

6. THE ARITHME.IC OF FINITELY PRIMARY MONOIDS

Let H be a monoid and ¢: H — H,.q the canonical epimorphism. We denote by
U(H) the set of irreducible elements of H. The factorization monoid Z(H) of H is
defined as the free abelian monoid with basis A(Hyeq). The elements z € Z(H) are
written in the form

z= H um

UEU(H ea)

with n, € N and n, = 0 for all but finitely many u € U(Hyea). Furthermore we call

o(z) = Z n, €N

UEU(H eq)

the size of z. Next let m: Z(H) — Heq denote the canonical homomorphism; we
say H is atomic, if 7 is surjective.

Suppose that H is an atomic monoid and let a € H be given. The elements of
71 (o(a)) C Z(H) are called factorizations of a and L(a) = {0(z) | z € 7= (p(a))} C
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N is the set of lengths of a. For two factorizations =. " € Z(H) we call

d(z,z") = max {a (m) N <m>} eN

the distance between = and 2'.

H is said to be a BF-monoid (bounded factorization monoid) if it is atomic and
if L(a) is finite for all « € H: H is said to be an Fl-monoid (finite factorization
monoid) if it is atomic and if 77!(g(a)) is finite for all « € H. Hence, by definition
every FF-monoid is a BF-monoid.

Suppose that H is atomic: the catenary degree
c¢(H) e NU {x}

of H is the minimal N € N U {oo} such that for cvery @ € H and every z.:" €
7~ (o(a)) there exist factorizations z = 2, y...... v =z € 77 (p(a)) such that
d(xiyy,2;) < Nfor0<i<lI.

Concerning BF-monoids and FF-monoids the reader is referred to [HK4]; the cate-
nary degree of atomic monoids was first studied in [G-L: ¢f. Definition 2] (in a different
terminology). Our main aim in this section is to prove that finitely primary monoids

have finite catenary degree (Theorem 3).

Proposition 5. Let H be an atomic primary monoid.

1. If H contains a prime element, then H ~N x [{ *.
2. IfH is a BF-monoid, then H is a BF-monoicd.
3. If Hyeq is uncountable, then H is not an FF-monoid.

Proof. 1. Let p be a prime element and « € f{ arbitrary. Then there is a
minimal m € N such that a | p™ and hence p™ = «s for some ¢ € H with p { =.
Because p is prime it follows that p { e* for any k € M, . This implies that ¢ € H*
since H is primary. Thercforc we have a = p"s~! where m and ¢ are uniquely
determined.

2. Since H*NH = H* by Proposition 1. the result follows from [HIK4: Theorem 3].

3. We may suppose that H is reduced and uncountable. Let 1 # a € H be given:
for every k € Ny we set My(a) = {b € H | b| a"}. Since H is primary we have

H = |J Mg(a). Since H is uncountable, M (a) has to be infinite for some A € Ny .
keN4
Therefore [HI(4; Corollary 2] implies the assertion. O
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Proposition 6. Let H be a finitely primary monoid. Then H is a BF-monoid.
Furthermore H is an FF-monoid if and only if (H* : H*) < .

Proof. We have H* " H = H* by Proposition 1; furthermore Theorem 1
implies that H is a factorial monoid and that there is an f € H such that fH C H.
The assertion now follows from [HK4; Theorems 3 and 4]. ]

Let. H be a finitely primary monoid of rank s with exponent a, say
Hgﬁ:[M AAAAA 1)5]><1-A1X.

For every a = 51)'1‘" ke H. withe e H* and k; € N, we set vp, (@) = k; for every
| <7< s,

~

Lemma 6. Let all notations be as above and let « € H. Then we have

I max L(a) < min{uvp,; (a) | 1 <7< s}
2. If s > 2. then min L(a) < 2a.

Proof. Leta= 51)’1'l ke H.
1. Suppose « = uy...u with uj € U(H). Since for every b € H\ H* we have

(0) 2 I for all 1 < i < s, we infer that for every 1 < i < s,

Up, {

| < v

-

uj) = v (a).

P

<
1
—_

Henee max L(a) € minfo,, (a) | 1 <

)
2. Let s 22 if min{h; | 1<

s},

S
< s} < 2a. then by part 1. it follows that

min L(a) < max L(a) < 2a.

So suppose that k; > 2a for all 1 <7 < 5. We set ap = Ep'f‘_"pg‘...p;‘ and
(s = 1)]‘1)‘, YoopheTl Then ay.az € H and max L(a,) < «, max L(ay) < « by 1.

Therefore
min L(a) < max L(a;) + max L(ay) < 2a.

Theorem 3. Let H be a finitely primary monoid of exponent o. Then ¢(H) <
max{3. 4o — 2}.

Proot. Suppose that H is finitely primary of rank s € Ny and that

[[gf]:[pl,....p‘s]xﬂx.
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By Corollary 1 we may assume without restriction that H is reduced.

Since
(p1...ps)™ € H, there exists an irreducible element v € H with 1 < v,, (u) < a for
all 1 <@ <s.

Now let 1 # a € H be given. We write a in the form

a=u"ag

with x € N being maximal such that ag € H. This implies

min{v,, (ag) |1 <i < s} <20 -1

and hence max L(ag) € 2a — 1 by Lemma 6.

We define a subset Z C 7' (a) as

Z={ur€ZH)|xen "(uy)}

If :=uveZand . =u'2’ € Z, then

d(z.2")y =d(r,2") <max Ll ) < 20— 1.
Hence it remains to verify that for every = € 7~ '(a) there exists a max{3.4a — 2}-
chain of factorizations from = to some =z’ € Z. Let

s =ulup...uy € 7 (a)

be given with 0 < ¢ < x and u; € U(H). We do the proof by induction on o from
0 =hrtop=0. If p =k then 2 € Z and we are done. Now let o < ki we set
b= wuy...uy and distinguish two cases:

-
<

Case 1: min{v,,(b) | 1 <i < s} < 2a. Then, by Lenima 6

A < max L(b) < 2a.

Furthermore, if v, (b) = min{v, (b) | 1 <i < s}, then
Koy, (1) < vp;(a) < vy, (u) + 20,
which implies that

K — o0 < 2a.
Therefore for some x € 7~ !(ag) we have

d(u*z, uluy ... uy) < max{x — 0 + max L(ag), A} < 4a —2.
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Case 2: v,,(b) > 2a for all 1 < i < s. Then there exists some v € {1,...,A} with

v
v < 2a such that for bg = ] w; we have
i=1

Up,(bo) 2 2a forall 1<i<s.

If s = 1, we may require in addition that v,, (bp) < 4a — 2. Then by = uc for some
c€ H. If s =1, then

max L(c) < vp, (¢) < vp,(bo) =1 <4a -3

and hence there is some y € 77! (¢) with o(y) < 4a — 3. If s > 2, then by Lemma
6.2 there is some factorization y € 7~ !(c) with o(y) < 2a. Setting

A

=ty H u;

1=v+1

we have
d(z,2") <max{r,1 +o(y)} < max{2a + 1,4 — 2} = max{3,4a — 2}.
Now the assertion follows by induction hypothesis. O

Theorem 4. Let o be a one-dimensional noetherian domain and suppose that o
is a finitely generated o-module.

1. The multiplicative monoid of invertible ideals of o has finite catenary degree.

2. Suppose that for every prime ideal p of o containing the conductor of 0/o there
is exactly one prime ideal of o lying over p and that (5, : 0,) <oo. Ifo has a
finite Picard group, then ¢(0®) < oo.

Proof. 1. Let Z(o) (resp. Z(o,) for some non-zero p € spec(o)) denote the

multiplicative monoid of invertible ideals of o (resp. of 0,). Then Z(o,) ~ 03 /0, for
every non-zero p € spec(o) and by [Ne; Kap. I, 12.6]

e:Z0)=»  [[ (o)

(0)#p€spec(o)

a — (a0p)(0)pespec(o)

is an isomorphism.

Let f denote the conductor of 0/0; further let py,...,p, denote the prime ideals
containing the conductor and let P be the set of non-zero prime ideals prime to the
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conductor. For p € P the localization 0, = 0, is a discrete valuation ring ([Ne:
Rap. I, 12.10]) and hence oy /oy ~ (N, +). Thus we have

I(o) = F(P) x [] o3 /0,

=1

where F(P) denotes the free abelian monoid with hasis 7 In the example in section
5 we showed thar all 0;(‘ 1 <7 < r, are finitely primary and hence they have finite
catenary degree by Theorem 3. Therefore

c(Z(o)) = max{c(op ) [ 1 <is r}- x.
2. The monoid homomorphisum

d:0* = I(o)
a4 — ao

is a cofinal divisor homomorphism whose class group i= just the Picard group of the
)

domain o ([Ge2; Proposition 6]). Corollary 3 implics that Hl op, /0y, is a finitely
1=

generated monoid. Now the assertion follows from [G-1.: Theorem 2 and Proposition

.)] —
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